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1. Introduction 



Large duality pT| , [23| , p3| predicts a highly nontrivial relation between open and 
closed topological strings on Calabi-Yau threefolds connected by an extremal transition. 
Originally formulated for local conifold transitions, the duality has been extended in various 
directions in 



15-18,29,30 



10|, ^ , p2| , p4| ■ The generalizations considered in P,|5|, p!5| , p!6 | 
are especially interesting since they shed a new light on the structure of Gromov-Witten 
invariants of toric Calabi-Yau manifolds. These developments are based on an earlier 



idea of Witten []5^ , who outlines a beautiful approach to A-model topological open string 
amplitudes. The main idea of this approach is based on a subtle combination of Chern- 
Simons theory and open string enumerative geometry, which will be discussed in detail 
below. 

At the present stage open string enumerative geometry is not a fully developed mathe- 
matical formalism. The basic principles understood so far have been developed in |]25|,^,45 



in the context of toric Calabi-Yau threefolds. Additional work on the subject exhibiting 
various points of view can be found in |ll|,^ p!5| , p!6| , p4| , |3l| , p2|pl - ^^ , ^ . In particular, the 
work of [ p!5| , p!6| was successfully applied to geometric transitions for noncompact Calabi- 
Yau hypersurfaces in toric varieties. 

In this paper we consider large duality for extremal transitions between compact 
Calabi-Yau hypersurfaces in toric varieties. Geometric transitions for compact Calabi-Yau 



manifolds have been proposed in fS^] , but no concrete results are known up to date. There 
are many conceptual as well as technical issues that have to be addressed in this context. 
Perhaps the most challenging obstacle is the absence of a rigorous mathematical formalism 
for open string amplitudes on compact Calabi-Yau threefolds. 

Keeping the details to a minimum, let us summarize our results. We develop a com- 
putational approach to genus zero open string A-model amplitudes on a certain class of 
compact Calabi-Yau target manifolds. This approach follows the basic principles outlined 
in supplemented by a heavy use of equivariant enumerative techniques. There are two 
key aspects in the whole process. First, we develop an open string version of the convex 
obstruction bundle approach usually encountered in Gromov-Witten theory. Second, we 
propose a formal extension of standard Chern-Simons theory in which the framing is re- 
garded as a formal variable. In particular it could take fractional values. Using these two 
elements, plus a great deal of patience, we run a successful genus zero test of large du- 
ality for compact Calabi-Yau hypersurfaces in toric varieties. Along the way, we gain new 
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insights into the structure of Gromov-Witten invariants, and we also clarify some aspects 
of local geometric transitions [^ |T5| , p!6[] . A more detailed overview of the general set-up and 
the results is included in the next section. 

The paper is structured as follows. In section two we present the stage, the cast of 
characters, and outline the main plot. Section three consists of a conceptual discussion of 
open string enumerative geometry for compact Calabi-Yau manifolds. In section four we 
describe the main examples to be used for concrete computations. We revisit local geomet- 
ric transitions in section five, focusing on the interplay between equivariant enumerative 
geometry and Chern-Simons theory. The main outcome of this discussion is a notion of 
formal Chern-Simons expansion which will prove crucial for compact threefolds. Sections 
six and seven are devoted to an implementation of our program in a concrete model. 

Acknowledgments. This work is a spin-off of a broader research program initiated by 
Ron Donagi, Antonella Grassi, Tony Pantev and us. It is a pleasure to thank them for 
collaboration and sharing their ideas with us during the completion of this project. D.-E.D. 
would like to thank Mina Aganagic, Marcos Marino and Cumrun Vafa for collaboration on 
a related project and valuable discussions. B.F. would like to thank Philip Candelas and 
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2. Large Duality for Compact Threefolds — Preliminary Remarks 



Although the problem can be formulated in a more general context, in this paper we 
will consider only toric extremal transitions between Calabi-Yau hypersurfaces [|6|,|8|,^ . 
Recall ^ that a family of Calabi-Yau hypersurfaces y in a toric variety Z is described by 
a refiexive Newton polyhedron Pa^ • The class of extremal transitions we are interested 
in is described by an embedding of reflexive polyhedra Pa~ C Pa^ • It has been shown 
in i 



50|| that such an embedding gives rise to a commutative diagram of the form 



Y 



t 

Yf 



Z 



t 



(2.1) 



The vertical arrows are extremal contractions, and Yq is a singular hypersurface in the fam- 
ily Y corresponding to special values of complex structure parameters. The toric extremal 
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contraction Z — >Z admits a simple toric description in terms of a similar embedding of 
dual reflexive polyhedra Pvy C Pv~- The vertices of Pv~ not belonging to Pvy corre- 

^ Y Y 

spond to toric divisors on Z which are contracted in the process. In the following we will 
only consider singular hypersurfaces Yq with isolated ordinary double points. Moreover, 
the contraction Y — yY is a simultaneous crepant resolution of the nodes. Also, we will 
assume Z, Z to be smooth toric fourfolds. This can always be achieved by triangulating 
the toric fans. 

To be more concrete, let us consider a one parameter family Y^ of hypersurfaces in 
Z which degenerates to Yq for n = 0. We denote by v the number of nodal singularities 
of Yq and by [Li], . . . , [L^] the corresponding homology classes of vanishing cycles on Y^. 
The [Li], i = 1, . . . , f generate a rank {v — r) sublattice Hy C H^iY^^, Z), where r is the 
number of relations among vanishing cycles. Without loss of generality, we can assume 
that [Lr_(_i], . . . , [Ly\ is an integral system of generators for Hy. Therefore we have the 
following linear relations with integral coefficients 

V 

[U] = Yl ('^ALm] (2.2) 

m=r+l 

for i = 1, . . . , r. 

The exceptional locus of the crepant resolution Y — >Y consists of v isolated (—1, —1) 



curves Ci, . . . , C„ on F. One can show [|T2| that the curve classes [Ci], . . . , [C„] G H2{Y, 2) 
are subject to {v — r) relations, so that we are left with r independent curve classes on Y. 
Without loss of generality we can take them to be [Ci], . . . , [C^.]. The numbers {v, r) can be 
related to the toric data described in the previous paragraph using Batyrev's formulae 0. 
We will work under the simplifying assumption that all extra r (1,1) classes on Y are toric, 
that is r = h^'^{Z) — h^'^{Z). Therefore the curves Ci, . . . ,Cr determine r independent 
curve classes on Z as well. We will understand why this assumption is necessary by the 
end of this section. 

In this geometric context, we consider an open string A model specified by wrapping 
Ni topological branes on a collection of vanishing cycles Li G [Li] . In order to obtain a 
well defined topological open string A model, the cycles Li should be lagrangian. Physical 
considerations [^,|5^ suggest that each class [Li] should contain a unique special lagrangian 
cycle homeomorphic to in order for the transition to make sense in string theory. 
Unfortunately, this does not seem to be a well established mathematical result for a generic 
deformation Y"^. For the remaining part of this section, we will assume this to be true. 
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In later sections we will work with a special degeneration of Y"^ where one can explicitly 
construct such lagrangian representatives. 

In a topological theory, there should not be any constraint on the Ni arising from flux 
conservation. If we regard our model as the topological sector of an underlying superstring 
theory, the total D-brane charge has to be zero because Y is compact. Therefore we must 
have 

V 

J2n,[L,]=0. (2.3) 

1=1 

Although this is not strictly a necessary condition in the topological theory, it seems to 
be required in order to match the number of parameters in the context of large duality. 
This can be seen by substituting (|2.2| ) in ( p.3|) and using the fact that [L^+i], . . . , form 
a basis. We obtain 

r 

Nm + J2^^^i^rn = 0, 171 > r + 1. (2.4) 

i=l 

This shows that there are only r independent D-brane charges Ai , . . . , A,, in one to one 
correspondence with the exceptional curves Ci, . . . , C^. 

Since topological A-model amplitudes depend on Kahler moduli, we choose specific 
parameterizations of the Kahler cones of Z, Z as follows 

J —— ^ ^ ^aJa^ J ~~ ^ ^ i'yJ^. (2.5) 

a=l 7=1 

Here Jq,, a = 1, . . . , /i^'^(Z) and respectively J-y, 7 = 1, . . . , h^'^{Z) are Kahler cone 
generators. Note that ta,t^ are classical Kahler parameters. The topological amplitudes 
should be written in terms of flat Kahler parameters, which include instanton corrections. 
Abusing notation, we will use the same symbols for classical and flat Kahler parameters. 
The distinction should be clear from the context. 

After all these preliminary remarks, we are ready to discuss the large A duality 
conjecture in the present context. Following the general philosophy of [^, large A duality 
should predict a relation between topological closed strings on Y and topological open 
strings on {Y,L), where L = U^^j^L^. Therefore it would be tempting to conjecture a 
direct relation between the Gromov-Witten expansion of Y and a hypothetical open string 
expansion associated to {Y, L). While such a relation may exist abstractly, at the present 
stage such a direct approach is out of reach. Instead we will concentrate only on the genus 
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zero part of the duality and follow one of the main lessons of mirror symmetry for Calabi- 
Yau hypersurfaces. In the linear sigma model approach, the genus zero Gromov-Witten 
expansion of a hypersurface Y is defined extrinsically in terms of maps to the ambient 
toric variety Z, using the convex obstruction bundle approach. Roughly, this means that 
one counts holomorphic maps to subject to an algebraic constraint. This produces a 
genus zero closed string expansion of the form 

^^',fc,^)=97^ E C„,^-<-«. (2.6) 

where the coefficients ~ have a standard definition in terms of intersection theory on the 
moduli space of stable maps to Z which will be reviewed in the next section. It is worth 
noting here that only the data of Z and the linear system |y | enters the definition of ~. 
Therefore these coefficients are manifestly independent of complex structure deformations 

of y. 

Following the same idea one would like to define a similar instanton sum for topological 
open strings on (y, L) using maps to the ambient space Z with boundary conditions on 
L. This is a very delicate construction for many reasons explained in detail in section 
three. One of the obvious problems is that such a construction would not be manifestly 
independent on complex structure deformations of Y , since the cycles L move with Y . 
Moreover, for fixed {Y, L), there is no rigorous mathematical formalism for counting open 
string maps in an appropriate sense. Finally, in open string theories one has to sum over 
highly degenerate maps which contract a bordered Riemann surface into an infinitely thin 
ribbon graph [^|. From a physical point of view this yields a Chern-Simons sector of the 



topological string theory consisting of v Chern-Simons theories with gauge groups U{Ni) 
supported on the cycles L^, i = 1, . . . ,f ||5^. The coupling of this sector to open string 
instantons is a very subtle issue not fully understood at the present stage. This subject 
will be discussed in detail in section five for local models and section seven for compact 
Calabi-Yau threefolds. 

We will not attempt to fill all the gaps mentioned in the previous paragraph in the 
present paper. Instead we will assume invariance under complex structure deformations, 
and construct a genus zero open string generating functional using a special degeneration 
(y, L) of the pair {Y, L). The construction relies heavily on the existence of a toric action 
on Z which induces a subtorus action on Y. The existence of a suitable degeneration places 
important restrictions on the range of validity of this approach. As explained in sections 
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three and six, such a direct construction can be carried out only for extremal transitions 
in which the nodal points are fixed points of the torus action on Z. Without giving more 
details here, let us note that in favorable cases we can construct a genus zero open string 
generating functional of the formlll 

•^cJ!l);op(^-^-A0=4;L(5.,^J+ E_ Ff\g,,\)e-<'^^> . (2.7) 

/3€H2(^,L;Z) 

Here = gs^i are the 't Hooft coupling constants for the v Chern-Simons theories on L^. 
Given the relations ( |2.4| ), we have only r independent 't Hooft couplings A^, i = 1, . . . ,r 
in formula (|2.7| ) . This matches the number of exceptional curve classes on Z, according to 
the paragraph below equation (p7^). In the right hand side of ( |2.7| ), ^a)*-*^-* is the 

genus zero closed string Gromov-Witten expansion of Y 

4;L(^7s,t.)=^7r' Co,pe-<''^K (2.8) 

The construction of the generating functional in ( p.7| ) is discussed from a conceptual point 
of view in section three, and carried out for a concrete compact example in sections six 
and seven. 

Granting the existence of a well defined open string partition function, what are the 
predictions of large duality? The conjecture is that the two generating functionals ( |2.6| ) 
and ( p77|) should be equal, subject to a certain identification of parameters which is the 
duality map. To this end, let us introduce a different system of generators (7r*( Jq,), D^), 
a = 1, . . . , h^'^{Z), z = 1, . . . , r of H^'^{Z). Here tt : Z — >Z is the contraction map and 
Di, i = l,...,r are divisor classes on Z such that Tr^{Di) = and Di ■ Cj = dij for 
^ ^ h 3 ^ f- Then, modulo some subtleties concerning open string Kahler moduli which 
will be considered later, the duality map is specified by the following relations 



r 



J = Tx*J -i^XiD,. (2.9) 

i=l 

Using this map, we will test the duality predictions for a concrete example in section seven. 



^ Here we ignore some subtleties related to open string quantum corrections to the fiat Kahler 
parameters. Since this is a general discussion, these corrections can be absorbed in the definition 
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3. Open String A-Model Approach — General Considerations 

In principle, large duality sliould liold for any conifold transition between Calabi- 
Yau threefolds. However, our current understanding of topological open string A-model 
amplitudes is restricted to the so called local models, i.e. noncompact Calabi-Yau three- 
folds admitting a torus action. The case of compact Calabi-Yau threefolds is especially 
hard, no concrete results being known up to date. In this paper, we would like to propose 
an approach to this problem for a certain class of hypersurfaces in toric varieties. This 
section is a rather general exposition of the basic principles. The details will be worked 
out for concrete examples in the next sections. 

Let us start the discussion with some general considerations on open string A-models, 
following [|5^. Suppose we have a model defined by v lagrangian cycles Li, . . . , L^^ as in the 
previous section. The target space effective action of such a theory consists of v Chern- 
Simons theories with gauge groups U{Ni) i = supported on the v lagrangian 

cycles. This is a universal sector of the theory which is present for any target manifold. 
Then one has instanton corrections to the Chern-Simons theory obtained by summing 
over holomorphic maps / : "^g^h — with lagrangian boundary conditions on the Li. 
Obviously, these corrections depend on the geometry of the target manifold, and the sum 
should be properly formulated in terms of intersection theory on a moduli space of stable 
maps Mg^h{Y, L). There is however an important subtlety in this approach which may be 
easier to understand for a concrete example. Suppose one can find a rigid holomorphic 
disc Di embedded in Y with boundary Ti C Li. Let (3 = [Di] G H2{Y, Li]^) and let 
7 = [Fi] G Hi{Li, 2). This yields an instanton correction of the form 

e-"^Tr(^Pexp^ (3.1) 

to the U{Ni) Chern-Simons theory on Li. Here Ti is the symplectic area of the disc and Ai 
is the U{Ni) gauge field on Li. It is important to note that Ai is not a fixed fiat connection 
on Li. Since the cycle is compact, Ai is a dynamical variable, and one should integrate over 
all connections. However, this proposal immediately raises a puzzle if the disc Di moves in 
a family on Y. Since Ai is not flat, the holonomy factor Tr ^Pexp Jp f*Ai^ depends on the 
position of F in L^. Therefore it is not clear how to write down the instanton corrections 
in this case. Since A-models make sense on general symplectic manifolds equipped with 
a compatible almost complex structure, one solution is to deform to a generic situation 
in which we have a finite number of rigid discs. Then each disc would yield a correction 



7 



of the form (|3.1| ). Conceptually, this is a satisfying solution, but it is not very effective in 
practice if one is interested in explicit numerical computations. The solution proposed in 
1^,|16| is based on localization with respect to a toric action. More precisely, if Y admits 



a torus action which preserves the lagrangian cycles, the idea is to sum only over fixed 
points of the induced action on the moduli space of maps. To each fixed point, one can 
associate an instanton expansion consisting of terms of the form and multicovers. In 
order to obtain the topological free energy, one has to first sum the instanton expansions 
over all fixed points and then perform the Chern-Simons functional integral with all these 
corrections taken into account. Such computations have been performed for noncompact 
manifolds in [|],|15|,|T^ . 

At this point it may be helpful to emphasize the distinction between compact and 
noncompact cycles. If Li were a noncompact cycle in some noncompact Calabi-Yau man- 
ifold, one could take Ai to be a fixed flat connection on Li. For a flat connection the 
holonomy factor Tr ^Pexp Jp f*Ai^ depends only on the homology class 7. Therefore for 
flxed homology classes 7) the instanton series can be thought of a formal series in two 



sets of variables |j3^]. The computation of topological amplitudes is then reduced to the 
construction of a virtual cycle of dimension zero on the moduli space of stable open string 
maps. The structure of this moduli space is not very well understood at the moment, 
hence there are various technical problems with such a construction. Nevertheless one can 



go a long way exploiting the presence of a torus action [p5| , |33| , ^^ . Even if the moduli 
space is very complicated, the flxed loci of the induced torus action are much simpler and 
can be described in detail. Then one can deflne the virtual cycle by directly summing over 
invariant maps. Since the moduli space has boundary, the resulting invariants will depend 
on a choice of boundary conditions, which can be encoded in a choice of the torus weights 
1 3^ . Therefore we obtain a family of invariants depending on a discrete set of choices. 

If the cycles Li are compact, the local contribution of a flxed locus is to be interpreted 
as a series of corrections to Chern-Simons theory, as explained above. As a result, each 
term in this series will be a rational function of the weights of the torus action. The flnal 
expression for the open string free energy is obtained by computing the free energy of the 
corrected Chern-Simons action. At this point we seem to obtain a puzzle since a priori 
the resulting open string amplitudes will depend on the weights of the torus action. This 
dependence is not physically acceptable in the context of large duality since there are 
no discrete ambiguities in the dual closed string expansion. 
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The resolution of this puzzle is that the choice of the toric weights has to be correlated 
to the framing of the knots Ti in Chern-Simons theory in such a way that the final result 
agrees with the closed string dual. Although this idea has been concretely applied in certain 



local models in [|T5| , p!6|] the general rules behind the weights-framing correspondence are 
not well understood at the present stage. In particular, integrality of the framing imposes 
very strong constraints on the allowed weights, which may not even have solution in many 
cases. One of the main results of this work is a general rule for this correspondence based 
on a certain extension of the Chern-Simons expansion treating the framing as a formal 
variable. This will be discussed at length for local models in section five, and for compact 
Calabi-Yau threefolds in section seven. 

For the remaining part of this section, we will focus on localization questions for open 
string maps to compact Calabi-Yau hypersurfaces. Our goal is to develop an algorithm for 
the computation of the local contributions associated with fixed loci in such situations. 

3.1. Open String Morphisms - The Convex Obstruction Bundle Approach 



Open string A-model localization techniques have been first developed in p5| , p3| , p5 
for noncompact lagrangian cycles in noncompact toric threefolds. An extension of these 
techniques to compact lagrangian cycles has been discussed in [^|T^. In the later cases, 
the ambient Calabi-Yau threefold was a noncompact hypersurface in a toric variety. The 
invariants computed there may be regarded as an open string version of closed string local 
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Briefly, the typical situation encountered in closed string computations is the following. 
One has a toric Calabi-Yau variety X isomorphic to the total space of a holomorphic vector 
bundle over a base B. Usually S is a rational curve or a toric Fano surface, so that 
the zero section of the flbration N — >B is rigid in X . The basic data of the enumerative 
problem is given by the negative obstruction bundle S = p^{ev* N) on the moduli space 
of stable maps Mgfi{B, (3), with flxed class /3 G H2{B, 2). Here ev : Mg^i{B, (3) — >B is the 
evaluation map, and p : Mg^i{B, (3) — >Mgfi{B, (3) is the forgetful map. This is standard 
material. The local Gromov-Witten invariants are deflned by integrating the Euler class of 
S against the virtual fundamental class [M^ o(-S, /?)]. Alternatively, we can deflne the same 
invariants as the degree of the virtual cycle [Mg^Q{X, [3)], which is of dimension zero. One 
can show without too much effort that the two deflnitions are equivalent (see for example 
section 9.2.2. of [0). Since B is toric, we can in fact explicitly evaluate these numbers 
using localization techniques . 
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By contrast, compact Calabi-Yau threefolds, such as hypersurfaces in toric varieties, 
require a different approach. The obvious difficulty in applying localization techniques to 
this case is the absence of a torus action on a smooth generic hypersurface. For genus 
zero maps, this problem is elegantly solved by the convex obstruction bundle approach. 
Shifting perspective, the genus zero numerical invariants are formulated in terms of the 
moduli space Mo^o{Z, (3) of stable maps to the ambient toric variety which admits a 
toric action. Here /3 G H2{Z^'K) is a fixed second homology class. On this moduli space 
one can construct a virtual fundamental class of positive degree. Therefore, in order to 
obtain numerical invariants, one has to intersect this class with the Euler class of the 
obstruction bundle V = p^{ev*0{-Kz)). Here p : Mo,i(Z,/3) — ^Mo,o(^,/3) is the 
forgetful map and ev : Mo,i(2,/3) — >Z is the evaluation map as usual. Note that the line 
bundle 0{—Kz) defines the linear system of Calabi-Yau hypersurfaces on Z. Therefore, 
the zeroes of a generic section of V on Mq^q{Z, (3) can be thought of intuitively as maps to 
a generic hypersurface Y . In fact one can show rigorously that these intersection numbers 
coincide with the degree of the virtual cycle [Mq^q{Y, (3)] (see Example 7.1.5.1 in [|T2|). 
Since only the data of the linear system | — Kz\ enters this definition, the invariants are 
manifestly independent of complex structure deformations of Y . This approach is valid if 
the bundle 0{—Kz) is convex i.e. p^{ev*0{—Kz)) = 0. By a slight abuse of language, 
we will call V a convex obstruction bundle in this case. 

Following the same general line of thought, we would like to propose an extension of 
the convex obstruction bundle approach to open string A-model amplitudes on compact 
Calabi-Yau hypersurfaces. It should be said at the offset that the methods employed 
here are not entirely rigorous, since a rigorous mathematical formulation of open string 
Gromov-Witten invariants has not been developed up to date. We make no claim of filling 
this gap. Moreover, since our approach relies heavily on localization with respect to a toric 
action, it applies only to a special class of hypersurfaces and lagrangian cycles which will 
be described later. The models presented in the next section provide a good testing ground 
for explicit computations which can be checked against large duality predictions. 

The main idea is quite straightforward. Given a Calabi-Yau hypersurface Y d Z and 
a collection of vanishing cycles L = UiLi, we would like to consider the open string mor- 
phisms to Z with certain boundary conditions along Li, viewed as cycles in Z. Obviously, 
the Li cannot be lagrangian cycles in Z for dimensional reasons, but this will not be a 
major obstacle. More precisely, one would like to consider the moduli space of stable maps 
Mo,/i(2, L; (3) where (3 denotes now a relative homology class (3 G H2{Z, L; Z). Note that 
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7^2 (-2, L; TDj ~ H2{Z, 2) since L is a collection of 3-splieres, hence we can identify fi with 
an absolute class. In order to localize the open string morphisms following [p5| , |33| , ^ , we 
need a torus action on Mo,/i(2, L; jS) compatible with the torus action on Z. The problem 
here is that the torus action on Z does not preserve the vanishing cycles Li lying on a 
generic hypersurface Y . This is a new element compared to the closed string situation. 

In the following we would like to propose a solution to this problem based on the 
assumption that toplogical A-model amplitudes are invariant under complex structure 
deformations. Working under this assumption, it suffices to define and compute these 
invariants by specializing (y, L) to a singular hypersurface Y and a collection of cycles L 
preserved by a subtorus. The main problem with such an approach is that the existence 
of such a 'good degeneration' of {Y, L) is not by any means obvious. This is in fact the 
main restriction on the class of transitions which can be treated in this fashion. We have 
not been able to develop a systematic characterization of 'good degenerations' in arbitrary 
families of Calabi-Yau hyper surfaces. Analyzing the concrete examples worked out in the 
next sections, it seems that such a degeneration will exist whenever the nodal points of 
Yq are fixed points of the torus action on the ambient toric variety Z. Clearly, this point 
deserves further study, but this is the criterion that seems to emerge so far. 

Provided one can find such a degeneration F, the next step is to evaluate the contri- 
butions of the fixed loci in Mo,/i(2, L; This can be done by constructing the tangent- 
obstruction complex for open string morphisms to the pair {Z,L). Although the target 
space is a toric fourfold, the main idea is the same as [^|33| , i.e. one has to consider the 
deformation complex of an open string map / : Eo,/i — ^Z subject to boundary conditions 
along L. The boundary conditions can be inferred from the concrete presentation of L, 
as we will discuss in detail in concrete examples. In particular, in all these examples we 
will find a real subbundle Tja of Tz restricted to L so that the pair {f*Tz, /^Tr) forms a 
Riemann-Hilbert bundle on Eo,/i. 

We need one more ingredient, which is the convex obstruction bundle on the moduli 
space. One would like to define the fiber of the obstruction bundle V over a point (Sq,^, /), 
as the space of holomorphic sections of f*0{—Kz) subject to certain boundary conditions 
along d'Eo h. In order to obtain a good boundary problem for the Dolbeault operator, 
the boundary conditions should be specified by a real sub-bundle TZ of f*0{—Kz)\d'Eo h 
p^ . In fact the pair {f*0{—Kz),'JVj should define a Riemann-Hilbert bundle on Eo,/i. 
Such a structure can be naturally obtained in the present case if we use the isomorphism 
0{—Kz) — A'^lTz) where Tz is the holomorphic tangent bundle to Z. Then we can take 
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IZ to be fg (A^(T]a)). It is not a priori obvious that this construction is sensible, since 
the structure of the moduH space is not understood. However, we wiU show in the next 
sections that the results are in perfect agreement with large duality predictions. This 
is strong evidence in favor of this approach. 

As mentioned several times so far, evaluating the contributions of the fixed points 
is only a first step in the computation of open string amplitudes. In order to finish the 
computation, the contribution of each fixed point has to be interpreted as a series of 
instanton corrections in the Chern-Simons theory. This involves another very subtle aspect 
of the whole approach, namely the correlation between the toric weights and Chern-Simons 
framing. 

Given the complexity of the problem, we will proceed in several stages. In the next 
section, we describe in detail the models considered in this paper. Although we will 
find explicit extremal transitions between compact Calabi-Yau manifolds, the starting 
point will be local del Pezzo models. Section five will be devoted to the weight-framing 
correspondence for local models, focusing on the idea of a formal Chern-Simons expansion. 
Finally, equipped with a better understanding of these points, we will address large A^ 
duality for compact models in sections six and seven. 



4. The Models 

Concrete examples in which the above program can be implemented!! arise by taking 
projective completions of the local Calabi-Yau models considered in |]5|, p!5| , p!6[| . Let us briefly 
recall the relevant geometric constructions. 

We will consider extremal transitions for noncompact toric Calabi-Yau threefolds 
fibered in complex lines over toric del Pezzo surfaces. The base B of the fibration can 
be either dP2 as in the model studied in |jT^ or dPa or dP^ as in 0. In all cases it is 
easier to describe the small resolution X first, which is isomorphic to the total space of 
the canonical bundle 0{Kb)- The toric diagrams for the del Pezzo surfaces dP2, dP^, dP^ 
are represented below. 

^ These are not the only examples which can be treated this way. We will eventually learn 
along the way that all extremal transitions in which the nodal points are fixed by the torus action 
admit a similar approach. 
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dP, dPj 



Fig. 1: del Pezzo surfaces. 



In each case, the toric fan of the threefold X is a cone over the two-dimensional 
polytope represented in fig. 1. Note that dP2 is represented here as a two-point blow-up of 
P^, and similarly dPs, dP^ are constructed by blowing up two and respectively four points 
on IFq. In the last case, the four points on Wq are not in general position, therefore we 
obtain a non-generic dP^ surface. This is consistent with the toric presentation, since the 
generic dP^ surface is not toric. We denote the exceptional curves by e^, i = 1, ... ,71, 
where n = 2, 2,4 in the three cases, as specified in fig. 1. The can be embedded as 
(—1,-1) curves in X via the zero section a : B — >X. 

In the following we will consider extremal transitions consisting of a contraction of the 
curves on X followed by a deformation of the resulting nodal singularities. The singular 
threefolds obtained in the process can be represented as hypersurfaces in noncompact toric 



varieties W [jT^] • The toric data of W is 

dP2 : 



dP: 



3 ■ 



dP^ 



5 ■ 
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Z2 


Z3 
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V 
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Z2 
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Z4 


U V 


C* 
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1 








-1 -1 


C* 
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-1 -1 




Zi 


Z2 


Zs 




U V 


C* 


1 


1 








-2 


€* 








1 


1 


-2 



(4.1) 



The equations for the nodal hypersurfaces read in the three cases 

dP2 : UZi + VZ2ZS = 

dPs : UZiZi + VZ2Z2, = (4.2) 
dP5 : UZ1Z2 + VZ3Z4 = 0. 
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It is easy to check that the singular points are given by 



dP2 : 


Pi 


= {Zi 


= Z2 


= u = 


V = 


0}, 


P2 


= {Zi 


= Zs 


= u = 


V 


= 0}; 


dP^ : 


Pi 


= {Zi 


= ^3 


= u = 


V = 


0}, 


P2 


= {Z2 


= Z4 


= u = 


V 


= 0}; 


dP^ : 


Pi 


= {Zi 


= ^3 


= u = 


V = 


0}, 


P2 


= {Z2 


= ^4 


= u = 


V 


= 0}, 




Ps 


= {Zi 


= Z4 


= u = 


V = 


0}, 


P4 


= {Z2 


= Zs 


= u = 


V 


= 0}. 



(4.3) 



The deformations are described by adding a constant term n to the right hand side of the 
equations ( [4.2| ). The geometry of the resulting smooth variety can be analyzed in detail 
as in In particular, one can show that there are n vanishing cycles on the deformed 
hypersurface (where n = 2, 2,4 as explained above) subject to one homology relation. 
These cycles have the topology of a three-sphere and they can be described quite explicitly 
in terms of local coordinates. We will give more details on this point at a later stage. 

Now let us describe the compact Calabi-Yau threefolds associated to the above local 
models. The idea is quite straightforward. We first take a projective completion of the am- 
bient toric varieties W, obtaining smooth compact toric fourfolds Z given by the following 

Z2 Zs U V W 

1 1-1-2 

111 
Z2 Z3 Z4 U V W 

1 0-1-10 

1 1-1-10 (4.4) 

1 1 1 

Z2 Z3 Z4 U V W 

1 -2 
110-20 
1 1 1. 

Note that in all cases we obtain a bundle over the base B. It is a simple exercise to 
check that the canonical class of Z is given by Kz = 877, where ry is the divisor at infinity 
defined by the equation W = 0. The generic divisor in the linear system | — Kz\ is a 
smooth Calabi-Yau variety defined by an equation of the form 

J2 U^V'W^UciZ^). (4.5) 

a,6,c>0,a+b+c=3 

For the dP2 model fabc(Zi) is a homogeneous polynomial of degree a -|- 26 in (Zi, Z2, Z3). 
For the other two models, fabc{Zi) is a bihomogeneous polynomial of bidegree {a + b,a + b) 
and respectively (2a, 2b) in (Zi, Z2), (Z3, Z4). One can work out the vertices of the dual 



data 



dP<, : 



dP. : 



dP. : 





Zi 
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c* 







Zi 


€* 
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€* 





C* 







Zi 


C* 


1 


C* 





C* 
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toric polyhedra and the Hodge numbers for all three casesH. The toric polyhedra Vy are 
specified by the following sets of vertices Vy 

dP2 : {(-1, 0, 0, 0), (-1, 1, 0, 0), (-1, 0, 1, 0), (-1, 0, 0, 1), (-1, 1, 1, 1), (2,-1,-1,-1)} 
dPs : {(0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (1,-1, 0, 0), (1, 0, -1, 0), (1, 0, 0, -1), (-1, 0, 0, 0)} 
dP^: {(1,1,0,0), (1,-1,0,1), (-1,1,-1,0), (-1,-1,1,0), (-1,-1,0,1)}. 

(4.6) 

The Hodge numbers of the three models are respectively (/ii,i, /ii,2) = (2,92), (3,81), (3,63). 

The local extremal transitions can be lifted to transitions between compact Calabi-Yau 
threefolds as follows. The one parameter families are given by the following equations 

{UZi + VZ2Zs- ijW)W^ + J2 U''V''W''fahc{Zi) = Q 

{a,b,c)' 

{UZiZ4 + VZ2Zs-i^W)W^+ J2 U''V'W''fatc{Z^)=0 ^47^ 

(a,&,c)' 

{UZiZ2 + VZsZ4-^iW)W^+ J2 U''V''W'fabc{Z{)=Q 

(a,b,c)' 

where the (a, 6, c)' denote all the allowed triples (a, 6, c) which do not appear in the first 
three terms in each equation. The coefficients of the polynomials fabc{Zi) are fixed at 
some generic values so that we obtain one parameter families parameterized by fj,. These 
hypersurfaces are smooth for = and develop isolated nodal singularities at /i = 0. The 
singular points are again given by (^73|), except that they have to be regarded as points 
on the compact toric fourfold Z. These singularities can be simultaneously resolved by 
performing a blow-up of Z along the section U = V = 0. Let Z denote the resulting toric 
fourfold. The strict transform Y G Z is a crepant resolution of Yq with exceptional locus 
given by isolated (—1, —1) curves C^, z = 1, . . . , n. 

The blow-up of the ambient toric variety can be described torically by adding an extra 
vertex to the dual toric polyhedron Vy. One then obtains the following toric data for the 
dual polyhedron of the small resolution Y 

dP2: V~ = VyU{(-2,l,l,l)} 

dPs: V~=VyU{(l,0,0,0)} (4.8) 
dP^: V~ = VyU {(-1,-1, 0,0)}. 

^ The Hodge numbers of all manifolds appearing in this paper have been computed using the 
program POLYHEDRON, written by Philip Candelas. 
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The package PALP 1 3^ proved to be very useful in analyzing the above extremal transitions 
between the smooth threefolds Y and Y. Moreover, the Hodge numbers of Y are respec- 
tively /ii,2) = (3, 91), (4, 80), (4, 60) for the three cases. In the following sections, we 
will develop in detail a computational approach to open string topological amplitudes on 
the threefolds Y. Although we will work out the details only for the second model presented 
above, it is clear that the other models can be treated along the same lines. Moreover, 
these techniques seem to be valid for all extremal transitions in which the singular points 
are fixed under the generic torus action on Z. 



5. Local Transitions and Formal Chern-Simons Expansion 

Following the program outlined in section three, here we review the open string local- 



ization techniques for local transitions developed in |T^,^. The main goal of this review 
is to clarify the interplay between torus action and framing in Chern-Simons theory. We 
will find that the proper framework for open string amplitudes is a formal extension of 
the Chern-Simons expansion which treats the framing as a formal variable. This new idea 
will allow us to formulate general rules for the correspondence between toric weights and 
framing encompassing all cases known so far [^|15|,|T^. Moreover, as discussed in section 
six, the same rules play a crucial role for open string amplitudes on compact manifolds. 
Let us start with the first local model described in the previous section, namely the local 
dP2 model. The deformed hypersurface is given by the equation 

UZi+VZ2Zs = n (5.1) 

in the toric variety W specified in ( ^l.lj ), and the singular points at /U = are Pi = {Zi = 
Z2 = U = V = 0} and P2 = {Zi = Zs = U = V = 0}. The geometry of this model has 
been thoroughly analyzed in [^, so we will keep the details to a minimum. The main 
point is that there are two lagrangian spheres Li,L2 on in the same homology class 
[Li] = [L2]. Each of these cycles can be described as an intersection of with two real 
hypersurfaces in W given by the following equations 

Li : UZ2Z2 - WZi = 0, VZ^Z2 - WZ3 = 

(5.2) 

L2 : UZ3Z3 - WZi = 0, VZiZs - WZ2 = 0. 

Writing these equations in suitable local coordinates centered at the points Pi , P2 £ VV, 
one can check that the local geometry is indeed isomoprhic to a local deformation of a 
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conifold singularity. Moreover, it has been shown in |16] that one can choose a symplectic 
Kahler structure on W so that Li, L2 are lagrangian. 



The open string topological A model considered in |T^ is defined by wrapping A''! , N2 
topological branes on Li, L2. As explained there, and also in section three of this paper, a 
crucial step in the computation of the free energy is summing up the instanton corrections 
to Chern- Simons theory. This can be done by localization with respect to the following 
toric action 

Zi Z2 Zs U V W , . 

Ai A2 -Ai -A2 0. ^ ' 

Note that this action preserves both the hypersurface and the spheres Li,L2. We 

have to sum over open string maps which are invariant under the induced toric action 

on the moduli space. As usual in localization computations the image of all such maps 

consists of a collection of invariant holomorphic Riemann surfaces embedded in X^. In 

closed string situations, these would have to be closed Riemann surfaces, or equivalently 

algebraic curves on X^. Since we are doing an open string computation, we will have a 

collection of invariant bordered Riemann surfaces with boundary components embedded 



in Li, L2. According to the analysis of |T^, there are only three such invariant surfaces - 
two discs and a cylinder - which can be described as follows. 




Fig. 2: Primitive open string instantons on X. 
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Let X ^ be the (relative) projective closure of in the compact toric variety Z. The 
defining equation of is 

UZi + VZ2ZS = fiW. (5.4) 

One can check that X ^ is a toric Fano threefold which contains X^ as the complement of 
the divisor at infinity Doo = X ^ fl {VF = 0}. The bordered Riemann surfaces are obtained 
by intersecting the spheres Li, L2 with three invariant curves on given by 

C[: V = Z2 = 0, UZi = nW 

C'^: V = Zs = 0, UZi = nW (5.5) 
C'^: U = Zi = 0, VZ2Z3 = ^W. 

We have the following intersections LidC'i = T[, 12002= F's, LiHCg = E[, 1200'^= E2 
where F'^^, 'E.'i and respectively F2, S2 are algebraic knots in Li, L2 forming Hopf links with 
linking number +1. F'^^ divides C( into two invariant discs D'i,Di, F2 and divides C2 into 
other two invariant discs iI>25-^2- Similarly, S']^,S2 divide C3 into two discs D'^,D'( and a 
holomorphic annulus A as in fig. 2. 

Note that the discs D'2 have a common origin at Q = {Z2 = Z^ = V = 0, UZi = 
IJ.W}. The origins of all other discs are points on the divisor at infinity -Dqo- 

A careful argument based on homology constraints [|TB[ shows that only D[ , D2 and 



A contribute to the open string amplitudes in the local case. The other discs do not play 
any role for the local computation, but they will enter the computation of open string 
amplitudes for the compact model. In order to write down a general formula for the 
instanton corrections let us denote the holonomy variables associated to the four knots 
T'l, F2, 'E'l, S2 by V(, V2, U[,U2, respectively. The instanton series has the form 

F,^sti9s. t'l, t2, tc. t/^, VI, V^) = F^2t{9s. tc, U[, U^) + F^llissA. V^) (5.6) 

where 

00 00 00 

.(1) 



3=0 hx ,h2=0 d=0 mi>0,nj >0 

hi h2 

i=i i=i 
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(5.7) 



g=0 hi,h2=0 di ,^2=0 rrii >0,n, >0 

" . . (5-8) 

i=i j=i 

The first represents the contribution of multicovers of the cyUnder A and the second term 
represents the contribution of invariant maps with image contained in the union D'l U D2. 
The parameters t[,t2Ttc represent open string Kahler moduh. At the classical level, they 
should equal the symplectic areas of D[,D2,A which are equal since all these surfaces 
are ho mo logically equivalent. However, it is understood by now that these parameters 
can receive quantum corrections due to degenerate instantons, which can be in principle 
different for the three surfaces. The rest of the notation is standard: d, di, d2 denote the 
degrees of a given map with respect to the three fixed surfaces A,D[,D2 and {mi,nj) 
denote the winding numbers of the boundary components about the invariant knots in the 
target space. 

The coefficients Cg^hi,h2{d\mi,nj) and -Fg,/ii,/i2 (f^i, '^2|^i, ^^-j) can be determined by 
localization computations for open string morphisms. This computation has been done in 
great detail in and we will not repeat it here. For our purposes, it suffices to recall 
the results for genus zero maps of total degree smaller or equal than three. We will rewrite 
all the formulae obtained in [TBI, in terms of the ratio of toric weights z = A2/A1. 

Let us start with multicovers of the two discs. Since we do not make a particular 
choice of toric weights, we will have nonzero corrections corresponding to surfaces with 
one, two and three boundary components. We have the following expressions. 
Degree one: 

Fo,i,o(l,0|l) = Fo,o,i(0,l|l) = l. (5.9) 



Degree two: 



Fo,i,o(2, 0|2) = 2£±i, Fo,o,i(0, 2|2) = 

Fo,2,o(2,0|l, 1) = Fo,o,2(0,2|l, 1) = 

Fo,i,i(l,l|l,l) = -l. (5.10) 



Degree three: 



i^o,i,o(3,0|3) = (3£±llg£±^, Fo,o,i(0,3|3) = ^^x^fg^: 

Fo,i,i(2,l|2,l) = -z, Fo,i,i(l,2|l,2) 



2 



l+z • 



-^0,2,1(2, 1, 1) — -^0,1,2(1, 2|1, 1, 1) — 2(iTiF' 

Fo,2,o(3, 0|2, 1) = _£(£±iK^, „ 2(0, 3|2, 1) = 

Fo,3,o(3, 0|1, 1, 1) = ^^i^, FoA3(0, 3|1, 1, 1) = (5.11) 
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The multicover contributions of the cyhnder are independent of toric weights. In fact one 
has a very simple formula of the form 

Co,i,i{d\d^d)=^-^ (5-12) 

for multicovers of degree d, all other terms being zero. The alternating sign in this formula 
needs some explanation. A common problem with open string localization computations 
is that the moduli spaces of open string maps, and the obstruction bundles do not have 
a canonical complex structure as in the closed string case. Instead one has only a com- 
plex structure up to conjugation. This gives rise to a sign ambiguity in the open string 
amplitudes noticed first time in ||2^,^. In the absence of a rigorous framework for these 



computations, this ambiguity cannot be resolved from first principles. Since the present 
open string model has a closed string dual, a practical solution to this problem is to fix 
the sign so that the final results agree with the closed string amplitudes. This is not a 
satisfactory solution, but it seems to be the only one available at the moment. The choice 
made here is different from the one made in fl^, where the sign was taken to be +1 for 



all d. It will be clear shortly that ( p.l2| ) is a more natural choice in this context. 

The next step is to perform the Chern-Simons functional integral taking into account 
the instanton corrections (|5.9|) - (|5.12|) . At this stage, we need to make a choice of framing for 
the knots T'l, Ti^, S'^^, The idea proposed in |TH] is that this choice is related to a choice 



of toric weights, namely to the value of z. Let us discuss some of the main points. Choose 
local coordinates (xi, yi, wi, f 1) centered at Zi = Z2 = U = V = and (0:2, 2/2, ^2, f2) 
centered aX Zi = = U = V = 0. The local equations of the threefold in these 
patches are 

xiui+yivi=ij,, X2U2 + y2V2 = fJ- (5.13) 
and the spheres Li, L2 are described by the real sections 

Li : ui = xi,vi=yi, L2 : M2 = ^2, ^^2 = ^2- (5-14) 

The knots E'^ C Li are cut by the equations yi — vi = and respectively xi = ui = 
on Li. In order to specify a framing of r[, 'E,[ we have to specify sections of the normal 
bundles A^r'^/Li and A^s'^/Li? respectively. Let us parameterize the knots by the angular 
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variables and 6y-^ corresponding to the complex coordinates xi and yi respectively. 
Then we can write down the normal sections in the form 



(5.15) 



E[ : {xi, ui) = (^;uV2e*gie,, ^ ^i/2^-zq^0y, j ^ 

where {pi,qi) determine the framing of the two knots.§ We can write down analogous 
formulae for the pair (r2, S2) of knots in L2 

r'2 : (2/2, V2) = (;ui/2e^P2^^2 , ^V2e-.P2e., j 



"2 



(5.16) 



The relation between the framings (pi,i?i) , {j>2t<12) and the toric weights follows by 
imposing the condition that the sections (|5.15|) -( |5rT6|) be preserved by the torus action, as 



first proposed in [^^. This yields the following relations 

(5.17) 

^y2 =^2^X2, ^X2 = Q2^y2 

where the (A^i, . . . , Ayj) denote the weights of the torus action on the local coordinates, 
which can be easily expressed in terms of (Ai,A2). This is a very constrained system 
of equations, since (pi, . . . , ^2) have to be integers in order for the solution to make sense 
within the framework of standard Chern-Simons theory. In fact, it is not hard to show that 
there are no nontrivial solutions satisfying all these conditions. The solution proposed in 
||16|| was to impose these conditions only for the knots T'l, r2 i.e. the boundary components 
of the two discs D'l, Then, the framings {qi,q2) of {^,'1,^2) were determined by more 
indirect arguments to be (0, 0). Furthermore, imposing the equivariance conditions for the 
sections of A^r'^/Li? -^r^/L2 leaves us with only two sensible solutions 

Pi=P2 = 2 =^ z = 

(5.18) 

Pi = P2 = =^ Z = 1. 



There is a subtlety here pointed out in [16|. Namely, specifying a single section of a principal 
bundle over does not determine an integer number. One needs to specify in fact a pair 
of sections in order to obtain integral data. In the present case there is a canonical choice for 
a reference section since we have explicitly constructed (r'i,Ei'i) as algebraic knots. This choice 
determines the framing to be {pi,qi)- 
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The first solution was shown to be a sensible choice in [16], although there were some 
unclear aspects of the duality map. We will shortly come back to this point. 

Here we would like to propose a different solution to this problem which involves far less 
obscure choices. The main idea is to relax the condition that the framings (pi, Qi, P2, 52) be 
integral. Instead our proposal is to treat them as formal variables which can in particular 
take fractional values. Although this idea seems to be at odds with standard Chern- 
Simons theory, we will show below that it makes perfect sense provided one treats the 
vacuum expectation values of Wilson loops as formal power series expansion in the framing 



variables. Following this idea, we can easily solve all equivariance conditions (|5.17| ) 

1 z+2 z+1 , , 

Pi = z + 2, 51 = j^, 1^2 = ^, 52 = ^ (5.19) 

where z is left undetermined. This fixes the framing of all knots in the problem with 
no ambiguities. At the same time, the instanton corrections (|5.9|) -( |57Tl] ) also depend on 
the variable z. The next step is to perform the Chern-Simons computations treating z as 
a formal variable and expanding all knot and link invariants in powers of z. The truly 
remarkable aspect of this procedure is that the final result turns out to be independent 
of z, as it is usually the case with closed string localization computations! Below we will 
perform the computations for genus zero amplitudes up to degree three, finding very strong 
evidence for this conjecture. 

For concreteness, let us collect the instanton corrections ( |5.9| )-( ^7T2|) in a single formula 



9s 9s 9s 4 gs 4(1 + z) 
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9s 18 9s 18(1 + zY 



- i9sq?q'2^{TvVlfTrV^ - ^9sq[q'i ^^f^ y -^ViiTrV^ 



. + 



(5.20) 

In this formula, q'^ = e~*i, ^2 = e~*2^ = e~*<= denote the instanton factors associated to 
the three primitive open string instantons. 
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The free energy of the topological open string is given by the following formula 



^op{gs. q'2, qc, Ai, A2) = ^P(Ai, g^) + J'^^{X2, 9s) + In (e^-*) (5.21) 

where Ai, A2 are the 't Hooft couplings of the two Chern-Simons theories, which are related 
to the string coupling by Ai,2 = -^i,2fi's- The first two terms in the right hand side of this 
equation represent the contributions of the two Chern-Simons sectors while the third term 
represents the expectation value of the instanton corrections. In the following we will 
concentrate on the last term. As mentioned above, our goal is to show that the resulting 
expression for the free energy agrees with the closed string expansion of the local dP2 
model. In particular, it should be independent of z. Similar computations have been 
performed in |T^, so we will not repeat all the details here. The important point in the 



present approach is that all knot invariants occurring in the process have to be expanded 
as formal power series of the framing variables. 

Let us explain the algorithm for a general link C with c components and framings 
Pet, OL = 1,. ..,c. The framing dependence of the expectation value is of the 

form 

iyVn^ (/:))(p„...,p.) = ---^-e"^ EL. ^'^v. ^^^^ (5.22) 

where is the total number of boxes in the Young tableau of i?Q,, and k^^^ is a group 
theoretic quantity defined as follows. Let f = 1, . . . , r label the rows of the Young tableau 



of a representation i?, and /„ denote the length of the f-th row. Then we have |47 



«fl = / + - 2^;/„) (5.23) 



■i;=l 



where I = X^Li total number of boxes. In the process of evaluating ( |5.21j ) 



we will encounter trace products of the form Trl/"' where V is any of the holonomy 
variables V(,V2,U[,U2- Such products have to be written as linear combinations of the 
form TruV in order to evaluate the Chern-Simons vacuum expectation values. A 
general rule in all such cases is that the number of boxes in the Young diagram of any 
representation R in this sum equals the total degree d = J2i "-i of ^^le open string map. 
All the resulting terms will be weighted by q'^, where q = q[,q2 or q^ is the appropriate 
instanton factor. This means that we will always obtain combinations of the form ^ge*'^^ j 
in the final expression for the free energy (where p is the framing of the appropriate knot). 
Therefore we can simplify the computation by absorbing all the prefactors e ^ ^c«=i 
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in a redefinition of tlie instanton factors. Since these factors are independent of gs and do 
not play any role in the expansion, we will call them trivial framing factors. With this 
redefinition understood, we can use the following expression for the link invariants in the 
Chern- Simons expansion 

{Wr^ (^))U....,Pc) = (Wr^ (^))(o,...,o). (5.24) 

As explained above, all the expectation values must be written as power series in the 
framing variables, which appear in the exponential prefactor of (|5.23|) multiplying the 



string coupling Qg. Since we want to obtain the result as a power series in Qs, the most 
efficient way to proceed is to expand all expectation values ( |5.23| ) in Qg. Given the particular 
form of the framing dependence, the resulting expressions will also be series expansions in 
Pa- The expectation values in canonical framing {Wr^ ('^))(o,...,o) can be written as rational 
functions of the variables y = e*'*'/^, x = e*^^/^. Therefore the expansion is straightforward, 
although somewhat tedious. Without giving more details here, let us record the final 
answer for this computation. We will write down only the genus zero contribution, i.e. 
the coefficient of g~'^ in the final expression for the free energy, truncated to terms up to 
degree threei 

11 11 

^opHqs, q'l, 9c, Ai, A2) = 2/1 + -yt + ^yf + 2/1 + gl/l + ^2/2 

+ Qi (2/1 - 2/1"^) + (I2 (2/2 - 2/2"^) + Qc (2/12/2 - ym^ - 2/r^2/2 - 2/r^2/^^) 

- ^q? {7yl - 8 + 2/r^) - ^q'i (72/i - 8 + 2/2"^) " q'A (2/12/2 - 2/12/2"' " Vi^V^ + 2/r'2/2"') 

- [Hvl - 82/? - 82/2' + 8 + 2/?2/2"' + Vi^yl - 2/r'2/2"') 
1(1 2 —1 I -i\ / / 2 —1 2 I —\\ 

- (Ii(ic[yiy2-y2-yiy2 +2/1 j - 929c (2/12/2 - 2/1 - 2/1 2/2 + 2/1 ) 

+ (552/? - 81yi + 272/r' " 2/1"') + ^q'i (552/1 - 8I2/2 + 27^2"! - 2/2"') 



^ There is a subtlety here. The instanton sum ( |5.20 ) contains only terms of genus zero. It is 



not a priori clear that higher genus corrections do not affect the final answer for the genus zero 
free energy. In principle, this could happen since the Chern-Simons expansion generates various 
powers of Qs, which mix with the instanton corrections in a nontrivial way. However, in all known 
examples of generic transitions (present cases included), it is a posteriori clear that such effects 
are absent. This pattern will be confirmed for compact hypersurfaces in section seven. 
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+ gig2^ {^yivl - 4yi - Sy^'yi + 4yr' + 2/12/2"^ - yr'2/2"^) 

+ 9c (3yi2/2 - 42/1^2 - 32/12/2"^ + 42/12/^^ + yr^2/2 - 2/r^2/2"^) 

+ QiqI {^ylvl - 4|/? - Ayivl + 52/i + 2/r'2/i + ^^^2"^ - 2/1^2"' - Vi^) 

(5.25) 

+ 92^ 9c (3yi2/i - 42/12/2 - Sy^ + Ay^ + yi2/2 ^ - 2/i ^2/2 ^) 

+ gkc (32/?2/i - 4yi - Ayly2 + 52/2 + 2/?2/2"' + 2/r'2/i - 2/r'y2 - ^2"') 

+ ^i^kc (32/?yi - 42/1 -'^y2 + ^ + 2/iy^^ + 2/r^2/2 - 2/r^ - 2/2"^) 

A first observation is that the final answer does not depend on z, as promised above. More- 
over, it is not hard to show that the above formula has the correct integrality properties of 
a genus zero closed string expansion. In order to compare with the Gromov-Witten expan- 



sion of the local dP2 model, we have to rewrite (|5.25|) in terms of closed string variables 
using the duality map 

2/1=^1, y2 = Q2, 

(5-26) 

Qiyi = 922/2 = 9c2/i2/2 = q- 
Here 91,925'? are the instanton factors associated to curve classes ei,e2,/i on dP2- Then 
we obtain the following expression 

^e?^(9i, 92, 9) =91 + 92 + 9(9r'92"' - 291"' - 292"' + 3) + 9'(-49r'92"' + ^Qi^ + 

- 6) + 9'(-69T'92"' - 69r'9~2"' + 79T' + 797' + 35^1-10^2-1 - ?,2q^^ 

- 32q-' +27) + ... + ^[ql+ (g + f{q^^q2^ - 2qf - 2q:^'' + 3) + . . .] 

+ ^ [9I + 9I + 9'(9r'92"' - 291"' - 273 + 3) -f ...]+... , 

(5.27) 

which is precisely the genus zero Gromov-Witten expansion of dP2- 

This result has been obtained previously in [IM. The novelty here is that we have a 
much better understanding of the choices made in the process. In particular we have found 
and tested a general framework for these computations which does not require fixing the 
toric weights. This formalism is closer in spirit to closed string localization computations 
on moduli spaces of stable maps. Similar techniques can be applied at higher genus, 
although the localization computations for arbitrary z become more involved. We will not 
try to pursue these computations here, but there is little doubt that the results will be in 
perfect agreement with the closed string expansion. 
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If one is interested in computational power, a particular choice of z may be very useful. 
For example we could choose z = as in |T^] , in which case we would obtain a closed form 



for the instanton corrections 



f^2dsin% ' 2dsin% ' 

d=l d=l 



(5.28) 



The framings of the four knots can be read off from ( p. 19 ) pi = P2 = 2, = ^2 = | 



Therefore we still have fractional framing for the knots S'2^,S2. Using this expression, one 



can perform the Chern- Simons integration as in [T^] obtaining agreement with the closed 
string dual for all genera up to degree four. 

It is interesting to note that this system of Chern-Simons theories is different from 



the one found in [|T6[, although they give rise to identical expressions for the free energy. 
This is a very interesting phenomenon whose origin can be traced to a special symmetry of 
the Gromov-Witten expansion of the local dP2 model. We will sketch an argument here, 
leaving a more thorough investigation of this aspect for future work. Let us recall the 



expression for the instanton corrections found in ^6 



Jd A„ld 



, , 2(isin-§^ 2(isin-„ 

' ^ (5.29) 



OO / / CXD 



+ 2 J2 ^TrVl'^TrV^'^ - ^TrC/(^Tr[/^'^ 

d=l d=l 

with framings pi = P2 = 2, qi = q2 = 0. Note that the contributions of multicovers of 
the annulus A and the pinched cylinder D[ fl D2 have different coefficients, and also qi, q2 
have different values. 

In order to understand the meaning of these different choices, it suffices to consider 
the terms of order two in the free energy. More precisely, let us look at the degree two 
multicover contributions of the annulus A. The formula ( |5.28D yields 

■^2/22 2—2 -22 -2 —2\ 2/22 2 2ii\ /r n^^ 

g?c (2/12/2 2/2 -2/1 2/2-2/1 2/2 ) -9c (2/12/2 -2/1 -2/2 + 1) ■ (5-30) 

The first term in this formula represents degree two multicovers of the degree one contri- 
bution. The second term represents a nontrivial contribution to the degree two Gromov- 
Witten invariants. If we perform a similar computation starting with ( |5.29| ) we find that 
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only the multicover contributions are present. Hence in this case, the degree two annulus 
corrections do not generate genuine new contributions to the Gromov-Witten invariants of 
degree two. Instead, the corrections corresponding to the pinched cyhnder D'^ fl D'2 have 
to be counted twice in order to compensate for the missing terms. Of course, it is highly 
nontrivial that this correction yields the correct results at higher degree as well. 

From the closed string point of view, this phenomenon has the following interpreta- 
tion. Let us consider for example the localization computations for the Gromov-Witten 
invariant of the local dP2 model in curve class 2/i — ei — 62. Adopting a Kontsevich graph 
representation ||3^ of the fixed loci, we obtain the graphs in fig. 3. 




These graphs can be easily evaluated according to standard deformation theory tech- 
niques. For z = 0, one finds that graphs I, II and III contribute —1 each while the sum 
of the graphs IV, V,VI is also —1. The total is —4 as expected. Now, we can estab- 
lish a correspondence between these contributions and various terms of degree two in 
the open string free energy (|5.25|) . The contributions of I, II, III correspond to the terms 
~QiQ2yi^y2^ ^ ~QiQcyi^ and respectively —q2Qcy2^- The first term arises in the Chern- 
Simons evaluation of the correction g^g2Trl4TrV2 associated to the pinched cylinder. The 
next two terms appear in the Chern- Simons evaluation of the connected expectation values 

{-z)q[q, [{TrVlTrU[) - {TrVD {TrU[)] (TrU^) 

(5.31) 

i-t)q'2qc [{TrV^TvU^) - (TrV^) (TvU^)] {TrU[) 

of the links (T'l^E'i), and respectively (r2,S2). Note that there is a clear geometric in- 
terpretation of this correspondence since each invariant primitive open string instanton 
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corresponds to an invariant primitive closed string instanton. According to this rule, we 
would expect the sum over the last three graphs to be associated to a term in the Chern- 
Simons expansion of the following annulus instanton corrections 



2 



(5.32) 



This is indeed true if we use the instanton series ( |5.28| ) . The relevant term is — in ( |5.30| ) . 
However if we use ( |5.29| ) there is no such term in the expression of the free energy. Instead 
we find that the term —(i\(l2V\^V2^ appears with coefficient 2, so that the final answer 
in closed string variables is the same. Moreover, similar phenomena can be noticed for 
higher degree terms in the expansion. This suggests a nontrivial symmetry in the graph 
representation of Gromov-Witten invariants of the local dPi model. Perhaps this symmetry 
can be better understood is we regard the dPi as the one point blow-up of a Hirzebruch 
Fq surface. Obviously, the Kontsevich graphs of the local IFq model are symmetric with 
respect to reflections with respect to the diagonal (see fig. 4). 




Fig. 4: Fq and dPi discriminant loci. 



The above observation suggests that this symmetry is somehow present in a hidden 
form in the graph expansion of the local dP^ model, at least for a specific choice of weights. 
These issues deserve a more detailed investigation since they are very likely related to 
localization of the integral invariants of Gopakumar and Vafa. 

To summarize this discussion, we conclude that both systems of Chern- Simons theories 
represent sensible large N dual models for the local dP2 geometry. However, the model 
specified by ( ^.28| ) is preferable from a conceptual point of view since it was obtained 
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as a result of a rather general set of rules. Essentially, the only ambiguities left in this 
construction are related to the sign of various open string corrections, which cannot be 
fixed rigorously at the present stage. To illustrate the general character of this approach, 
let us briefly consider other local transitions. 

5.1. Local dP^ and dP^ transitions 

The remaining local models can be analyzed along the same lines. Given the deformed 
hypersurface equations 

dP^: UZiZ^ + VZ2Z3 = fx, 

(5.33) 

dP5 : UZ1Z2 + VZ3Z4 = ^, 
we can find again the vanishing cycles for each model. For local dPs we find two spheres 
Li, L2 cut by the following real equations on 

Li : U Z2Z2Z4 = Zi, V Z2Z4Z4 = Z^3, 

_ __ _ __ (5.34) 

L2 : U Z1Z1Z3 — V ZiZ^Z^ — Z4. 

In terms of local coordinates (xi, yi, wi, f 1), (x2, 1/2, w.2, f2) centered around the points 
Pi, P2, the equations of Li, L2 take the canonical form 

Li : xiui+yivi = ^, ui =xi, vi = yi, 

(5.35) 

L2 : X2U2 + y2V2 = 1^, U2= X2, V2 = 2/2- 

For local dP^, we obtain similarly four spheres Li, L2, L3, L4, whose local equations are 



identical to (|5.35|) when written in terms of coordinates centered at Pi, P2, P3, P4. The 
resulting geometry is represented in fig. 5 below. 

In order to proceed with the localization computations, we have to define suitable 
torus actions on the deformed hypersurfaces X^, which preserve the vanishing cycles. It 
turns out that we can choose the same form of the action for both local models 

Zi Z2 Zs Z4 U V 

Ai A3 -Ai -A3. ^ ' 

The next step is to identify the invariant open string Riemann surfaces in with boundary 
components contained in the 3-spheres. This can be done using the same techniques as in 
the previous subsection. Namely, we consider projective completions X^, and identify all 
5'^-invariant curves thereof which intersect the vanishing cycles. This results in a collection 
of invariant discs and annuli embedded in X ^. For the local transitions we have to keep 
only those surfaces which do not have points at infinity, as before. We will not repeat all 
the details of this algorithm, since it is very similar to the local dP2 example. Moreover, 
we will study the compact version of the dPs model in great detail in the next section. 
The resulting configurations are represented below. 
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Fig. 5: Primitive open string instantons on X. 

Note that in the dP^ case the open string maps locaUze on a coUection of four discs 
D3, D4, , D'l so that D3, D'l end on Li, whereas , D'^ end on L2. -D3, -D4 have common 
origin = {Zi = Z4 = U = 0, VZ2ZS = fx} and -D3 , D'^ have common origin (54 = {Z2 = 
Zs = V = 0, UZ1Z4 = fj,}. We wiU denote the boundary components of D'-^,D'^,D'-l,D'l 
by Fg, r4, Fg, r4. A short local computation shows that (Fg, F4) and respectively (F3 , F4) 
form algebraic Hopf links in Li,L2 with linking number I = +1. We will also denote the 
holonomy variables associated to the four link components by V3', V^, V3", V^' . In the dP^ 
example, the open string maps localize on a collection of four annuli Ais, A23, A24. 
The boundary components of each pair of annuli ending on a given sphere form again an 
algebraic Hopf link with linking number +1. Let us denote by . . . , V^' the holonomy 
variables associated to the eight boundary components, as shown in fig. 5. 

Next, we have to compute the instanton corrections Finst for these configurations. To 
keep the exposition simple, for the dPs model we will only write down genus zero corrections 
up to degree two. For the dP^ model we can write down a closed form expression for all 
instanton corrections. The results of localization computations can be written as rational 
functions of z = A3/A1. We find the following expansions. 
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Local dP^: 

gs 9s 9s 9s 9s 4^ g, Az 



(5.37) 

where q'^, q'^, q^, q'l are open string Kahler moduli associated to the four discs. 
Local dPr^: 

Finst =f"( — TrF/"TrV;'" + ^TrV^/'^TrF/^ + ^Trya'^^IVFo"" + ^TrFa'^Tryi" 
\ n n n n 

n=l ^ 

(5.38) 

where ^13, ^14, ^23 7 Q24 are open string Kahler moduli associated to the four cylinders. Note 
that in both expression we made particular choices of signs for the open string computa- 
tions. For the dP^ model, the correct choice involves an alternating sign in the multicovcr 
contributions of a single disc. Since all open string invariant maps can be reduced to discs 
and closed string components using a normalization sequence, this choice fixes the sign 
ambiguity for all localization contributions. Note also that the choice made for the annu- 
lus corrections in the dP^ example is different from the corresponding choice in the dP2 
case. We will discuss a potential explanation for this discrepancy after fixing the framing, 
which is the last piece of the puzzle. 

In order to determine the framing for all boundary components, we will proceed by 
analogy with local dP2 example. Namely, we will impose S'^-invariance for all sections to 
the normal bundles to the knots. After a straightforward computation we find the following 
values 

\ 1 (5.39) 

dP^ : p[ = P2 = -, P3=P4 = , Pi = P2 = P3 = P'i = 

z z 

As discussed before, the framings are to be thought of as formal variables. In order to 
perform the Chern-Simons functional integral we have to expand all expectation values of 
knots and links as formal power series in gg. Following the same steps as in the dP2 example, 
one can show that the resulting free energy agrees with the closed string expansions of the 
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local (iPs, dP^ models. B In particular the final answer is independent of without making 
any further choices. 

Several remarks are in order here. The dP^ example has been considered before in . 
The dual Chern-Simons theory found there is formally identical to (|5.38|) , except that the 
framing is integer valued. However, it was also shown there that for annulus corrections, 
the result depends only on the effective framing, which is defined as the sum of the framing 
assigned to the two boundary components. In our case, we have to treat the framing as 
a formal variable, but the conclusion turns out to be the same. That is the final result 
depends only on the effective framing, which is an integer in all cases. For the annulus in 
the dP2 model the effective framing is qi+q2 = 1, while for all annuli in the dP^ model, the 
effective framing is zero. These values are in agreement with the general prescription given 
in [0, except that our algorithm is different and it applies equally well to invariant discs. 
In the later case, treating the framing as a formal variable is crucial since the corrections 
themselves have a similar dependence. 

The effective framing of a cylinder has a simple geometric dependence, which can be 
described as follows. Let us note that each invariant open string surface on corresponds 
to an invariant rational curve on the resolution X. Using this correspondence, we can find 
a correlation between the effective framing of a cylinder and the normal bundle of the 
associated curve on X. Suppose an annulus A corresponds to a curve C, and let C X 
denote the image of the zero section. The normal bundle Nq/x is an extension of i*QNs/x 
by Nc/s which is typically split. It can be easily seen that the effective framing of A is 
given by degii^jN^/x)- Presumably, this rule is consistent with the general prescription of 
P], which is formulated in a different language. 

Finally, there is one more aspect that deserves a few comments. We noted above that 
the sign ambiguity was given different resolutions in the dP2 and respectively dP^ models. 
Note that a concise rule encompassing all choices is to take the sign of a term of degree 
n to be (— where p is the effective framing of the cylinder. This rule is very likely 
connected to a subtle sign problem found in a similar context in [^. There it was found 
that the holonomy variable for a knot had to be redefined by a sign (—1)^ in order to 
obtain the desired integrality properties. We believe that these problems are related, but 
we will not discuss this aspect further here. 



^ There are some subtleties with the closed string instanton expansion for dP^ related to the 
fact that the toric model is not generic. 
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In conclusion, the main idea developed in this section is that the proper framework 
for open string amplitudes is a formal extension of Chern- Simons theory which allows 
the framing to become fractional. Within this formalism we have found a natural relation 
between framing and the torus weights which can be uniformly applied to local transitions. 
In the next sections, we will extend the analysis of this section to transitions between 
compact Calabi-Yau manifolds. 

6. Localization of Open String Morphisms to Compact Threefolds 

After this rather long digression we return to open string amplitudes on compact 
Calabi-Yau target spaces. We outlined the main principles of the approach in section 
three. In this section we will carry out this program in detail for one of the models 
introduced in section four. For concreteness, we focus on the compact transition based on 
the local dP^ model. The other models admit a similar treatment. 

To fix ideas let us recall the toric data of the ambient toric variety Z 
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(6.1) 



and the generic Calabi-Yau hypersurface 

J2 U'^V'W'UciZ^) = 0. (6.2) 

a,b,c>0,a+b+c=3 

Here fabc{Zi) are bihomogeneous polynomials of (Zi, Z2) and respectively (Z3, Z4) of bide- 
gree {a + b, a + b). We consider a one parameter family of hypersurfaces defined by 

{UZiZ^ + VZ2Zs-fiW)W^+ J2 U''V^W''fabc{Z,)=0 (6.3) 

{a,b,c)' 

where the triples (a,6, c)' take all allowed values except (1, 0, 2), (0, 1, 2), (0, 0, 3). The 
coefficients of fabc{Zi) are fixed to some generic values. One can check that ( |6.3[ ) is smooth 
for generic /U 7^ and develops two ordinary double points 

Pi : Zi = Z3 = [/ = y = 0, P2 : Z2 = Z4 = t/ = y = (6.4) 

at /U = 0. As discussed in section four, the two conifold singularities can be simultaneously 
resolved by performing a toric blow-up of Z along the section U = V = 0. The strict 
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transform y is a crepant resolution of Yq. The exceptional locus consists of two homologous 
curves Ci, C2. 

The smooth fiber Y"^, |U 7^ contains two vanishing cycles Li, L2 in the same homology 
class [Li] = [L2] G if3(y^,2). The topological open string theory considered in this 
section is defined by wrapping Ni,N2 A-branes on Li,L2. Then the charge constraint 
( p.4|) yields A^i + A^2 = 0. This means the D-brane configuration should be interpreted as a 
brane/anti-brane system. We have N = Ni branes on Li and anti-branes on L2, which 
can be thought of as branes wrapping the cycle L2 with opposite orientation. This is 
a particular case of our general discussion in which v = 1 and r = 1, hence the lattice of 
vanishing cycles has rank one. The formula ( p.7|) for the genus zero topological open string 
free energy takes the form 

•^(ylL);op(^?-ta,A) =4%(<7.,t.) + Fp\9s.\)e-<'^f'> (6.5) 

(3eH2{Z,L) 

where A = Nqs and ta, a = 1, 2, 3 are the Kahler moduli of Y . In order to compute the 
coefficients Fp^\gs, A) we have to follow the steps outlined in section three. 
Consider the following G = {S^Y action on Z 

{e'^\...,e'^') ■ {Zi,Z2,...,W)-^{e'^'Zi,e''^'Z2,...,e'^'W). (6.6) 

As explained in section three, one of the main problems is that the cycles Li,L2 are 
not preserved by the torus action (|0|). The solution is to specialize the triple (y, Li, L2) 
to a degenerate hypersurface Y and two cycles Li,L2 which are preserved by a certain 
subtorus. In general, it is not clear that such a limit in the complex structure moduli space 
always exists. However, for all the models discussed in section four, a suitable degeneration 
immediately presents itself. Recall that in the local context of the previous section, we 
had to take a projective completion A^ of A^, which was a toric Fano threefold. For the 
dPs example, the equation of X ^ is 

[/Z1Z4 + I/Z2Z3 = ^W. (6.7) 

Moreover, X ^ admits a torus action which preserves the vanishing cycles. The degeneration 
we are looking for is the reducible nonreduced hypersurface Y defined by 

(C/Z1Z4 + VZ2Z3 - ^W)W^ = 0. (6.8) 
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Y has two components Yi = X and Y2 defined by W"^ = 0. The cycles Li,L2 are 
the vanishing cycles defined in equation ( ^.341) , which are obviously embedded in Y . By 
construction, the triple (F, Li,L2) is preserved by a subtorus {S^^ ^ We will give 
more details on the local geometry below. 

Note that similar degenerations can be found without difficulty for the other two 
models discussed in section four. Moreover, we believe that a suitable limit in the complex 
structure moduli space can be found for all transitions for which the singular points are 
fixed by the torus action. This is in fact the main restriction on the present approach to 
open string amplitudes on Calabi-Yau hyper surfaces. 

6.1. Local Geometry on Z 

A thorough analysis of open string maps in the present context requires a systematic 
description of the local geometry. Recall that the toric fourfold Z is isomorphic to the 
projective bundle P (C © -1) © -1)) over Fq, and U, V, W are relative pro- 

jective coordinates. The torus action leaves the sections S = {U = V = 0}, 5" = 

{U = W = 0},S" = {V = W = 0} and the fibers Fi = {Zi = = 0},F2 = {Z2 = 
Z4 = 0},F3 = {Zi = Z4 = 0},F4 = {Z2 = Z3 = 0} invariant. Note that S,S',S" are 
isomorphic to IFq and Fi, . . . , F4 are isomorphic to P^. The fixed locus of the G-action on 
Z consists of twelve isolated points PutP^j -P^ , k = 1, . . . , 4 which are intersection points 
of S, S', S" and F^. More precisely, Pfc = n S, = n S' , P'^ = Ffc n S" , k = l,...,4. 
For a given k, the points {Pk, P^., P[!) determine three invariant curves PkP^: PkP^ ^'^'^ 
Pj^P'i!. The fixed points lying in a given section, say 5", determine four invariant curves 
P1P3, P1P4, P2P3, P2Pa- The same is true for the sections S", 5"'. Overall we obtain a 
toric skeleton consisting of twenty-four invariant curves intersecting at twelve fixed points 
as in the figure below. 

For later applications, we have introduced a color coding for the homology classes of curves 
on Z as follows. We choose a basis in H2{Z, 2) consisting of the Mori cone generators 
{hi, /i2, hs). Using equation (A.l) in appendix A, one can check that (/ii, /i2, /is) are rep- 
resented by the following curves on Z 

hi: Zi = Zs = U = 0, h2: Zi = U = V = 0, h^ : Zs = U = V = 0. (6.9) 

By construction, hi is the hyperplane class of a P^ fiber of Z over Pq while /i2, hs are (1, 0) 
and respectively (0, 1) classes of the zero section U = V = 0. For convenience, we will 



35 



Fig. 6: Fourfold skeleton for the generic toric action. The color coding is the 
following: green = hi, blue = /i2, red = /13, cyan = hi + h2, magenta = hi + hs. 



call hi vertical class, and /i2, ^3 horizontal classes. In fig. 6, green line segments represent 
curves in the class hi, blue line segments represent curves in the class /i2 and red line 
segments represent curves in the class hs- We also have curves in mixed classes hi + /i2 
represented by cyan line segments and hi + h^ represented by magenta line segments. This 
color coding will also be used later for invariant discs in Z. 

This skeleton plays an important part in the localization computation of closed string 
Gromov-Witten invariants. In the following we will explain that it also plays an important 
role in the localization computation of open string instanton corrections. 

In order to analyze deformations of open string maps we will also need local coordi- 
nates {xk,yk:Uk,Vk): {x'^,y'^,u'^,v'^), {x'l,y'l,u'l,v'l), k = 1, ...,4 centered at each fixed 
point. We will adopt the following conventions: {xk,yk)j {^'k^v'kl^ i^k^Vk) horizontal 
coordinates along the sections S, 5", 5"' while (w^, f fc), (w'^, v'j^), {u'l, f^') are vertical coordi- 
nates along the fibers Ffc, /c = 1, . . . , 4. For concreteness, let us write down the affine open 
subsets and local coordinates centered around Pi,P[,Pi 

Ui = {Z2^0,Z4^0,W ^0} 

U[ = {Z2^0,Z4^0,V ^0} (6.10) 
W{' = {Z2^0,Z4^0,t/^0} 
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The other coordinates can be obtained by permuting the indices. The local equations of 
Fi in these coordinate patches are 

Ui : XiUi + yiVi = n 

UI : x'l + y'(v[ = ^u'l. (6.12) 

The cycles Li, L2 on Yi are given by the following local equations 

Li : ui= xi, vi = 

L2 : U2= X2, V2 = y2- (6.13) 

Given these local equations, one can deform the symplectic Kahler structure on yi so 



that the cycles Li^ L2 are lagrangian. The details are explained in appendix A of ||16|| . 
Therefore, the topological open string A model is well defined, at least in this limit. 

One can check that the triple (y,Li,L2) is preserved by a subtorus (S^)'^ C G. In 
fact for localization computations, it suffices to consider a one parameter subgroup T G G 
defined by 

{e''^\e'^\...,e'^') = (e*^^"^, 1, e^^^"^, 1, e"*^!'^, e"*^^"^, 1). (6.14) 

In the next subsection we will determine the structure of T-invariant open string morphisms 
with boundary conditions on Li U L2. 

6.2. The Fixed Loci 

At a first look, one would like to sum over open string maps to the singular hyper- 
surface Y. This is however a very difficult task since the degeneration considered here is 
not semistable. Therefore we do not have a good control of intersection theory even on 
the moduli space of stable closed string maps. Instead, it is more convenient to consider 
open string maps to the ambient toric variety Z, as explained in section three. In order to 
obtain numerical invariants, we will have to develop an open string version of the convex 
obstruction bundle. 

First note that the fixed point set of the T-action on Z consists of eight isolated fixed 



points Pi, P2, Pi, P2, Pi': ■■■,Pi' and two fixed curves P^P^ and P4P4'. The presence of 
fixed curves in the target space will cause some complications at a certain point in our 
analysis. 

Now, let / : Eo,/i — >Z be a genus zero open string stable morphism which sends the 
boundary 9Eo,^ to the cycle L = Li U L2. We also fix the homology class (3 = /*[Eo,/i] G 
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7^2 (-Z, 2) ^ H2{Z,L; 2). The torus action ( |6.14|) induces an action on the moduh space 
of such maps Mo,/i(^, L; (3). Our goal is to determine the structure of fixed loci for this 
action. By T-invariance, the domain of such a map must be either i) an annulus, or ii) a 
nodal bordered Riemann surface Eo,/i = Eq U Ai U . . . U Ah where Eq is a pre-stable curve 
of genus and Ai, . . . , Ah are h discs attached to Eq by identifying the origins with the 
marked points (pi, . . . ,ph)- The data (Eo,]5i, . . . ,Ph) defines a prestable marked curve of 
genus 0. 

Obviously, the first case can be realized only if h = 2. Then the image of / should 
be an invariant holomorphic annulus embedded in Z with boundary on L. We will show 
in the following that there are no such annuli in the present example. In the second case, 
the morphism / should map Eq to a curve in Z which is preserved by the subtorus action 
( |6.14| ). The disc components should be mapped to invariant discs embedded in Z with 
boundary on L. One must also impose a stability constraint on (/, Eo,/i) which makes the 
automorphism group finite. 

It is clear that we should start by identifying the invariant annuli and discs in Z with 
boundary on L. Using an argument similar to [|15| (section 5), one can show that any 
invariant embedding / : Eo,/i — >Z can be extended to an invariant embedding / : E — >Z, 
where E is a closed Riemann surface without boundary. Moreover, since we are only 
interested in discs or annuli, E will be a smooth rational curve. Therefore we have to find 
all T-invariant smooth rational curves on Z which intersect the cycles Li, L2 along orbits 
of the torus action. Since Li, L2 are cycles in Yi, it follows that any such curve must be 
in fact contained in Yi. This reduces the analysis to the local case considered briefiy in 
the previous section. Let us give more details here. 

Since Yi is a toric Fano threefold, this is a simple question which has been addressed 
in similar situations in []TB,rB|. In the present case we find the curves 
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Zi 


= u = 


0, 


VZ2Z3 


= iiW 


/-If/ . 
'-^14 ■ 


Z3 
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0, 


UZiZ^ 


= fiW 


/-If/ . 
'-^23 • 


Z2 


= v = 


0, 


UZIZ4 
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C24 : 


Z4 


= u = 


0, 


VZ2Z3 


= 



(6.15) 



which intersect the cycles Li, L2 along invariant circles as follows 

T[ = C[snL^ = {x^ = u^=0, \y^\ = \vi\ = fi^/''}, C^g n L2 = 

T'l = c'l^ n Li = {|xi| = Itiil = yi = vi = 0}, c;'4 n L2 = 
n Li = 0, T'^ = c'i^ n L2 = {|x2| = |^i2| = y2 = v2 = 0} 
C^4nLi = 0, = c^4nL2 = {x2 = M2 = 0, \y2\ = \v2\ = ^x^i'^}. 



(6.16) 
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Note that all circles are algebraic knots with orientation induced by the canonical orien- 
tation of Z. Moreover ri,r'j^, respectively ^'.^.^T^ form Hopf links in Li,L2 with linking 
number +1. For later use, let us introduce the holonomy variables 

V-=Pexp[ A^'\i = 1,2, V-' = Pexp[ A^'\i = 1,2 (6.17) 
Jr'- Jr" 

where A^^\A^'^^ are the Chern-Simons gauge field fields on Li,L2- Note that the curves 
(7(3, . . . , C24 are invariant under the T-action on Z, but not under the generic G-action. 

Each knot divides one of the curves ( |6.15|) into two invariant discs embedded in Z 
with boundary on Li or L2 as follows 

= D[ Ur; D', 
C'l^ = D'l Ur;' D'l 

C^4 = D'^ Ur^ D'^. 

Note that D'^, D'[, D'^,D'.[ intersect the toric skeleton at the fixed points P[-,P'{-, P'^-.P'-l 
lying on the divisor at infinity ^00 ■ The discs D3, D'l and respectively D'^, D'l have common 
origins Qs, given by 

D'^V\D'^ = {Z^ = Z^ = U = 0, VZ^Z^ = y.W} = Qs 

(6.19) 

D'l n D'l = {Z2 = Z3 = V = 0, UZiZ^ = nW} = Q4. 



Note that Q3, Q4 lie on the G-invariant lines P3P3 and P4P4, but they are not fixed points 
of the G-action. The resulting configuration of invariant discs is represented in fig. 7. 

For future reference let us determine the relative homology classes of the discs ( |6.18|) . 
As noticed earlier, we have H2{Z, L;'^) ~ H2{Z,'E.), which is generated by the curve 
classes hi,h2,hs specified in (|6?9|). The homology classes of the discs can be determined by 



deforming to the singular hypersurface Yq as discussed in section 5 of [|T5[. In the present 
case we obtain 

m = [D'l] = [D',] = [D'l] =h,, 

(6.20) 

[^3] = [^3] = h2, [D',] = [D'l] = hs. 

Adopting the same terminology, we will call the discs D'l, D'l, D'2, D'l vertical discs and 
D'^, D'l, D'^, D'l horizontal discs. The homology classes are represented in fig. 7 using the 
color coding introduced below (|0|). 
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Fig. 7: Discs in Z invariant under the restricted torus action. The points Q3,Q4 
have been represented by yellow dots in order to distinguish them from the fixed 
points under the generic torus action. The color coding for discs is the same as for 
curve classes: green = hi, blue = red = /i3. 



From ( |6.2U| ) it follows that the symplectic areas of the discs are given at the classical 
levelS by the closed string Kahler parameters ^1,^2 5^3- K open string quantum effects are 
taken into account, the symplectic area is shifted by a multiple of A/2 (recall that A is 
the 't Hooft coupling constant) as discussed in [^. Therefore we introduce the corrected 
Kahler parameters r/, r", i = 1, . . . , 4 for the eight discs. The relation between r/, r", and 
the closed string Kahler parameters on the small resolution Y is part of the prescriptions 
of the duality map, and will be discussed later. 

Having determined all invariant discs in Z, we can now understand the structure of a 
more general invariant map / : Eo,/i — >Z. 

^ What is meant here is classical level from the open string point of view. The parameters 
ti,t2,t3 are fiat coordinates on the closed string Kahler moduli space. 
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As stated above the domain Eo,/i is the union of a prestable curve Eq of genus zero 
with h marked points pi, . . . ,ph and h discs Ai, . . . , Ah attached to Eq at pi, . . . , p/i. Each 
disc Aa is mapped da : I to one of the eight discs found above. The closed curve Eq is 
mapped to a genus zero curve in Z which is preserved by the restricted torus action ( |6.14| ) . 
Since we are working with the restricted torus action, there may be nontrivial famihes of 
invariant curves on Z. Therefore the connected components of the fixed loci may have a 
complicated structure, as discussed in more detail below. 

We are interested in computing all open string instanton corrections for a fixed relative 
homology class (3 G H2{Y, L; Z) ~ -^2(^5 L; Z). Therefore we have to sum over all fixed 
loci in Mo,/i(2, L; (3) which are compatible with the given homology class 13. In order to 
make this sum more explicit, first we have to classify the fixed loci according to the images 
of the discs in Z. There are eight invariant discs D^, . . . , D'^, D'(, . . . , D'l embedded in 
Z, and in principle any such disc can be the image of any component A^ of the domain. 
Let us introduce the set of labels / = {!', . . . , 4', 1", . . . , 4"} for the invariant discs in Z. 
The notation is self-explanatory. Specifying the image of each component A^ is equivalent 
to giving a function p : {1, . . . , h} — and we have to sum over all such functions. The 
instanton series can be written schematically as follows 

00 h h ^ 

E E Y.^hAda.(3)e-^'^^-^<^=^''-^''^^-^^^e-T..^^''^^.i^)^T^^^ (6.21) 

h=l{da.,P) P a=l 

Let us explain this formula in detail. The coefficients Ch,p{da, (3) represent the sum 
over all fixed loci with given {h, p) and {da, (3). We have suppressed the genus sub- 
script g since we will exclusively consider genus zero maps. The exponential factors 
g-(>^,/3-^^^^ c!a[i3p{a)])g- X]a=i '^'"'^pf'^) represeut the instanton factors associated to a given 
map. Naively, these factors should be written as e~^'^'^\ where the pairing in the exponent 
is well defined since J\-^ = by the lagrangian condition. We have modified this expression 
in order to allow for a possible shift in the open string Kahler moduli Tp(^a) with respect 
to the closed string parameters. This shift can be interpreted as an open string quantum 



effect and plays an important role in the duality map . Therefore one has to write down 
separate expressions for the instanton factors of the open and closed string components, ob- 



taining the expression in (|6.21|) . The area of the closed component —{J,P—^a=i '^a[-^p(a)]) 
must be expressed in terms of the closed string parameters ti,t2,i3- Finally, Vp(a) rep- 
resents the holonomy variable associated to the knot ^p(a) = dDp(^a): which is defined as 
follows. If p{a) e {1', 1", 2', 2"}, say p{a) = 1', Vp(^a) = V{ is the holonomy of the U{N) 
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connection about the knot F'^ defined in ( 6.17 ). Note that the canonical orientation on D[ 



induces an orientation on F'j^ using the inner normal convention. The holonomy V( is com- 
puted with respect to this particular orientation. This convention is valid for all vertical 
discs D[,D'{,D!2,D'^. If p{a) e {3', 3", 4', 4"}, Vp^a) = V~_\, « = 3,4, since the canonical 
orientation on Dg, . . . , D'l induces the opposite orientation on F'j^, . . . , V2 (see fig. 7). 

Our main problem is to evaluate the coefficients Ch,p{da, (3) using open string local- 
ization techniques. This requires a thorough understanding of the deformation complex 
and the obstruction bundle for open string morphisms. 

6. 3. Deformation Complex and Obstruction Bundle for Open Strings Morphisms 

To begin with, let us consider the definition of the instanton coefficients Ch,p{da, P) 
in more detail. We stress that the following considerations are only heuristic arguments 
based on unproven assumptions. Essentially, we will assume that certain known results in 
the theory of closed string Gromov-Witten invariants P, pil|J2Il| , | carry over to the open 



string case. As in [|2^,0, these arguments will eventually lead us to a precise computa- 
tional definition of the enumerative invariants Ch,p{da, 13). The first assumption is that the 
moduli space (or, more precisely, the moduli stack) Mo,^(2, L; (3) exists in the appropriate 
category, and can be endowed with a perfect obstruction complex. Then one would have 
a virtual class [Mo,/i(2, L; /3)] (of positive dimension, since Z is not a Calabi-Yau three- 
fold) . Following the closed string approach, we would also need an obstruction bundle V on 
Mo,/i(-Z, L; (3) of rank equal to the dimension of [Mo,/i(2, L; 13)]. Assuming these elements 
can be constructed, we could define 'open string Gromov-Witten invariants' by pairing 
the Euler class e(V) with the virtual fundamental class. However, even in such an ideal 
situation the coefficients Ch,p{da, (3) could not be simply defined by this pairing for rea- 
sons explained in section three. In order to write down the the couplings to Chern-Simons 
theory, one needs in fact an equivariant refinement, as discussed below. 

The holonomy V about the boundary F of an open string surface is defined with respect 
to an arbitrary (not necessarily fiat) U{N) connection. Therefore it depends continuously 
on the position of the boundary F in the cycle L. In formula ( |6.21| ) the Vi are holonomy 
variables about the boundaries F^ of the T-invariant discs in Z. Hence the torus action on 
{Z,L) enters in a crucial way. This suggests that the appropriate refinement of open string 
Gromov-Witten invariants should be considered in an equivariant setting. The torus action 
on (Z, L) induces a torus action on Mo,^(^, L; (3). Under the above assumptions, we can 
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define equivariant open string Gromov-Witten invariants by working with the equivariant 
virtual cycle [Mo,/i(2, L; (3)]t and equivariant obstruction bundle Vt- 

Following this line of argument, one would finally have a localization formula for the 
equivariant invariants of the form 

[Mo,h(Z,L-(3)]T ^ J[E]t (^T[I'^E) 

In this formula we sum over all fixed loci S in the moduli space of open string maps. eriVE,) 
is the equivariant Euler class of the obstruction bundle Vt restricted to S and eT(A^5:) is 
the equivariant Euler class of the virtual normal bundle A^(S) to S in Mo,/i(2, L; (3). [Sjj- 
is the equivariant fundamental class of the fixed locus S. The intersection pairing in the 
left hand side of ( |6.22| ) takes values in the cohomology ring TZt = H*{BT) ~ H*{BS^). 
The local contributions in the right hand side take values in the associated fraction field 

Now, the fixed loci S can be classified according to the degrees da and the map p as 
discussed in the paragraph below ( |6.21| ). The refinement we are looking for is defined by 
summing only over those fixed loci S with given (p, da)- We will refer to these loci as fixed 
loci of type (p, da). The maps therein will be also referred to as open string maps of type 
(p, da). We define 

a„K,/3)=i;/^,^f|ly (6.23) 

where the sum is restricted to fixed loci of type {p,da). Clearly, the resulting invariants 
Ch,p{da,P) take values in /Ct- The instanton coefficients Ch,p{da, /3) are defined as the 
nonequivariant limit of Ch,p{da, (3) [|12|. More precisely, let ipt : {pt} — >BT be the embed- 
ding of a point in BT. Then we define Ch,p{da, /3) by 

Ch,p(da,f3) = i;tChAda,(3) e H*{pt). (6.24) 

If we identify H*{pt) with Q, we can regard Ch,p{da, (3) as a rational function of the toric 
weights Ai, A3. In the following it is very convenient to regard Ai, A3 as formal variables. 
This is our heuristic formula for the instanton coefficients. Besides lacking a rigorous 
formulation, this expression raises another question. If the Ch,p{da, (3) are to be thought of 
as rational functions of formal variables, what is the physical meaning of the resulting open 
string expansion? This question has been given an elegant answer in the previous section 
in the context of local transitions. There we found that the framing in Chern-Simons 
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theory should also be treated as a formal variable, which is related to the toric weights. 
The final result was shown to be a series with numerical coefficients, as expected. We will 
show in the next section that similar considerations can be applied to compact models as 
well, although the final picture will be more subtle in that case. 

At this point we still have to set the formula ( |6.23|) on firmer grounds. The main idea 
is to rewrite the open string formula ( |6.22|) in terms of equivariant integrals on moduli 



spaces of closed string maps with marked points. This approach has been successfully 
employed in a local context in [^| . The extension to compact threefolds will involve some 



additional (sometimes delicate) steps. Although our arguments are mostly heuristic, we 
will eventually obtain well defined integrals on well defined moduli spaces. Following the 
strategy of we proceed with the analysis of the deformation-obstruction complex 

for open string morphisms. 

In order to simplify the exposition, let us first consider the case h = 1, i.e. the domain 
Eo,i has a single disc component A. After a detailed treatment of this case, we will consider 
the generalization to /i > 1. The disc A can be mapped to any of the discs D'-, D'/ , hence 
we should consider all these cases separately. In fact it suffices to consider only a vertical 
disc, say /(A) = D'l, and a horizontal one, /(A) = Dg, since all other cases can be treated 
by analogy. 

Vertical Discs 

Let us start with /(A) = D'l. We have an invariant map / : Eo,i — >Z where Eo,i = 
Eo Up A and Eq is a prestable curve of genus zero with a marked point p. We denote by 
foi /a the restrictions of / to Eq and respectively A, and by fg the restriction of / to the 
boundary 9E = dA. Moreover, from now on we will suppress the subscript (0, 1) on E. In 
local coordinates, /a is given by 



x[ = u 



[ = 0, y[ = v[= t< (6.25) 



where t' is a local coordinate on A. Note that there is an induced torus action on A with 
weight Xf = 

The map / represents a point in some component S of the fixed locus. Following our 
main strategy, we would like to identify S with a component Sq of the fixed locus in a 
certain moduli space of stable closed string maps. Note that the triple (A, /a,p) defines 
an isolated fixed point in the moduli space of d'l : 1 multicovers of the disc D'l with a 
marked point. 
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If So is empty, this is in fact an isolated fixed point in the moduh space of open string 
maps Mo^i{Z, L;d[hi), since [D[] = hi, as explained in the paragraph containing ( |6.20| ). 
The associated coefficient Ci^ii{d'i, d[hi) is evaluated in appendix B. We will shortly review 
some aspects of that computation. 

If Eo is not empty, the triple (Eo,/o,p) is a stable closed string map to Z with a 
marked point subject to the constraint f{p) = P[ G Z. Moreover, the homology class of /o 
is determined by /3' = /3 — d'^hi G H2{Z, Z). Therefore (Eq, /o,p) represents a fixed point 
in a closed subspace Mp^ of the moduli space of stable closed string maps Mo,i(2,/9') 
defined by the following commutative diagram 

Mp^—^MoA^^P') (6-26) 

TT ev 
ip, 

P[ — ^ z. 

Note that the T-action on Mq^Z, (3') induces a T-action on Mp/ since P[ is a fixed 
point on Z. In principle, (Eo,/o,p) is not an isolated fixed point, but it belongs to a 
component Sq of the fixed locus of the induced T-action on Mp^/. By construction, there 
is an obvious 1 : 1 map between ^tp : S — >So defined by (E, /) — >(Eo, fo,p)- This map is 
well defined and 1 : 1 since (A, /a,p) is an isolated fixed point. Now, the fixed locus Sq is 
in fact a closed subspace of the moduli space Mp^ (more precisely, it is a closed algebraic 
substack) and is equipped with an induced virtual fundamental class [Sq] = ''Sof-^f'i']- 
Here • — >Mp^ denotes the embedding map and Lh^^ : A^{Mp^) — >A^,{'E,q) denotes 
the associated Gysin map. The virtual cycle [Mp^] is induced by the base change diagram 
( |6.26| ), [Mpj-] = Zp, [Mo,i(^, All these considerations carry over to the equivariant 
setting. 

As part of our assumptions, let us suppose there is a similar structure on S so that 
the map "0 described in the above paragraph becomes an isomorphism. Then S will be 
also endowed with a virtual cycle 'i/''[So], where tp' : ^^.(So) — s>A*(S) is the Gysin map. 
This is the first ingredient in a rigorous formulation of the integral in ( |6.22|) . We still need 
to make sense of the integrand. 

To this end, we have to determine the virtual normal bundle N~, using the tangent- 
obstruction complex of (E, /), and to construct the obstruction bundle V. First we have to 
introduce some notation. The restriction of the holomorphic tangent bundle Tz to Li ad- 
mits a real subbundle T]r defined as the fixed locus of the local antiholomorphic involution 



45 



(xi, yi, wi, f i) — >{ui,vi,xi,yi). We denote by T the sheaf of sections of Riemann-Hilbert 
bundle defined by the pair {f^Tz.fgT-^) on E. Note that T\y,o = fo^z- We wiU also 
denote by 7a the restriction of T to A. The deformation complex for the map / is of the 
form 

— >Aut{E) — >H^{T.,T) — — >Def{E) — >H^{T.,T) — — >Q (6.27) 

where T\ are the deformation and respectively obstruction spaces of the map (E, /). 
Using a normalization exact sequence with respect to the decomposition E = Eq Up A, 
one can split the terms in ( |6.27| ) into open string and closed string parts, plus corrections 
due to the node p. We will show below that the closed string part reduces to the standard 
deformation complex for So- The open string part and the node corrections become part 
of the data of an equivariant integral on Sq. In order to completely specify the integrand, 
we also have to construct the obstruction bundle V. As outlined in section three, the 
fiber of the obstruction bundle over a point (E, /) is given by the space of global holomor- 
phic sections of a Riemann-Hilbert bundle C = {f* K^{Tz),'R) on E. The real subbundle 
IZ C /g(A^(T2))|-j^^ is defined as the fixed set of the local antiholomorphic involution 
(xi, yi, wi, f i) — ?7i, xi, y^^). Vs can also be decomposed in closed and respectively 
open string parts using a normalization exact sequence. The terms in ( |6.27| ) and in the 
various normalization sequences encountered in the process are not in general vector bun- 
dles over the fixed loci since the fiber dimension may jump. Nevertheless we will formally 
manipulate such objects as if they were locally free following for example the approach of 
. This approach yields correct results since it is only the equivariant K-theory class of 



these objects which enters the computations. Equivariant K-theory classes will be denoted 
by [ ]• We have to distinguish two cases. 

i) If Eq is empty, there is no closed string part and S is an isolated fixed point. In 
this case we will denote S by Sa in order to avoid any confusion with the general case. 
The deformation complex becomes 

— >Aut{/\) — ^ii"°(A, T) — ^T^ — ^0 — ^if^A, T) — ^T^ — ^0 (6.28) 

since the domain A has no deformations. The automorphism group is generated by holo- 
morphic vector fields of the form adt' +bt'dt', where a G C and 6 G IR. Therefore, in terms 
of T = 5"^ representations we have 

Awt(A) ~ (0)R©(-AtO- (6.29) 
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The cohomology groups if*^(A,T) and if^(A,T) are computed in appendix B. We have 
H^{A, T) = 0, hence = as well, and the complex (|6.28D reduces to 



— ^Aut(A) — >H^{A,T) — ^T^ — >0. (6.30) 
The remaining term H^{A, T) decomposes in representations of T as follows 

if°(A, r) ^ (-A, + ^As) © (^Aa) . (6.31) 

Note that for n = d'l in the second sum we obtain a term of weight zero (0)([^ containing 
the image of the fixed part (0)]a of Aut{A). It follows form the exact sequence ( |6.3C1| ) 
that we obtain a term of weight zero (0)]r in the equivariant decomposition of T^. The 
obstruction space Va = H'^iA, C) is also computed in appendix B, with the result 

if°(A,/:) = (O)K©0(^^A3j. (6.32) 

Note that this is a real vector space containing a fixed direct summand (0)h- The local 
contribution of such a fixed point should be of the form 

Ci,i>{d[,d[hi) = [ er ([Va] - [A^a]) (6.33) 

where A^a is the virtual normal bundle to S a • A straightforward extrapolation of standard 
localization results would predict that A^a is given by the moving part of T^. However, 
we have to be more careful here. Since Sa is an isolated fixed point, we will define A^a 
to be the tangent space T^, including the fixed real deformation {0)u noticed above. The 
obstruction space contains an identical fixed real summand, and the two terms cancel off 
in the formula (|6.33 ), leaving a well-defined nonzero answer. This cancellation refiects the 



fact that the fixed infinitesimal deformation is obstructed. The situation encountered here 
is a bit unusual compared to standard localization computations for closed string maps, 
but we do not see other sensible solution for the moment. This unusual behavior is very 
likely related to the fact that the cycles L are not lagrangian middle dimensional cycles on 
Z. The solution proposed here should be regarded as an experimental result, which will 
be backed up by numerical computations in the next section. We leave a more conceptual 
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treatment for future workB. Collecting the facts, this leaves us with the following formula 
for d'l multicovers of D[ 

C,,,MU.).^—^^^^_^^^^^^^^. (6.34) 

There is a subtle sign ambiguity in this expression reflecting the choice of a complex 
structure on moduli space of open string maps, as explained in appendix B. In the absence 
of a more rigorous construction, the only criterion for fixing the sign at the present stage 
is agreement with the closed string dual. This will be shown in the next section. 

ii) If Eq is not empty, we have to split [T^], [T^] and [Vs] in open and closed string 
parts using the exact sequences 

Q^T^f*Tz © T^^{rTz)p^Q. (6.35) 

Q-^C^r^A-^Tz) ® /:a^(/*A'(T^))p— 0. (6.36) 
The associated long exact sequences read 

0^ifO(E, T)— >ifO(Eo, r^Tz) © i?°(A, W^{Tz)p' 



(6.37) 



(6.38) 



0^if°(S, £)-^if°(Eo, f^A\Tz)) © i?°(A, Ca)^A\Tz)pi 

We claim that if^(Eo, /g A^(T2:)) = 0. This follows from a similar normalization sequence 
applied to the irreducible components of Eq. The pull-back /qA"^ (Tz) has nonnegative 
degree on each irreducible component of Eq since A^(Th) = 0{—Kz) is nef on Z. Since all 
components are rational, the claim follows easily from the associated long exact sequence. 
With more effort, we can also show that H^{A, £a) = (according to appendix B), hence 



Another point of view one could take is to consider open string maps to the singular threefold 
Y instead of Z. The problem is that the vertical discs intersect the singular divisor Doo on Y and 
it is not clear how to write down the deformation complex of such a map. (Recall that Y contains 
nonreduced components). This approach has been effectively used for horizontal discs in the local 
case since they do not intersect the singular locus. According to our calculations in appendix B, 
for horizontal discs the two methods give the same answer. This is an encouraging sign, although 
much more work remains to be done. 
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the last term of the exact sequence ( |6.38| ) is trivial. The morphism ii/'°(Eo, /q A*(T2:)) © 
H^{A, Ca) — ^A^(T2:)p^' is surjective since Eq has genus zero and A'^{Tz) is nef on Z. 
Therefore we conclude that C) = i.e. the obstruction bundle is convex, as promised 

before. The exact sequence ( |6.38| ) reduces to the first three terms. 

Moreover, note that Aut{'E) decomposes as Aut{'Eo,p) Q) Aut{A,p) in automorphisms 
of Eq, respectively A which preserve the point p. Def{Ti) decomposes similarly as 
Def{TiQ,p) © TpTiQ ® TpA in deformations of Eq leaving p fixed and deformations of the 
node. There are no deformations of A. Using the exact sequences (|6.27|) , ( |6.37|) and ( |6.38|) , 
we find the following relations in the equivariant K-theory of S 

[T^] - [T^] = [H\T.,T)] - [H\T.,T)] + [Def{T.)] - [Aum] 

= [H\A, Ta)] - [Aut{A)] + [df] + [H\Eo, f^Tz)] - [if^Eo, f^T^)] (6.39) 
+ [DefiEo.p)] - [AutiEo.p)] - [{Tz)p^] + [T^Eq © T^A] 

and 

[V=] = [H'{AX)] + [if°(Eo,/o*A^T^))] - [A\Tz)p,]. (6.40) 

The combination [if'^(A,7A)] — [Aut(A)] is precisely the K-theory class of the normal 
bundle A^a to the fixed point (A, /a) defined at point (i) above. In order to identify the 
remaining terms in ( |6.39| ) , let us write down the tangent-obstruction complex for the stable 
map (Eo, fo,p) regarded as a point in Mo,i(2,/3') 

0^Atit(Eo,p)^ifO(Eo, f^Tz)^Tl^Def{Eo,p)^H\j:o, f^Tz)^Tl^O. 

(6.41) 



Using the K-theory relations derived from (|6.41| ), we can rewrite (|6.39|) as follows 

[T^] - [T^] = [Na] + [df] + [Tl] - [Tl] - [{Tz)p,] + [TpEo © T^A]. (6.42) 

The combination [Tq] - [Tq] - [(Te)p'] represents the image in K-theory of the deformation 
complex of (Eo, fo,p) regarded as a point in Mp/. This follows from the construction of 
Mp^ as the subspace of Mo,i(2,/3') defined by fo{p) = Pi- Therefore the K-theory class 
of the virtual normal bundle N'-q in M p^ is given by the moving parts 

[Nso] = [{Tir] - [{Tir] - mz)Pir]- (6.43) 

We will define the class of the open string virtual normal bundle A''=; to be 

[Ns] = [ATa] + [{Tlr] - [{Tlr] - mz)pir] + [{dfr] + [(T,Eo ®T^A)-]. (6.44) 
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Up to the first term, which has been explained above, this is just the moving part of 
(1^), as expected. The fixed part of (|^), [(T^)^] - [(T^)^] - [((Te)p;)^], enters the 
construction of the induced virtual cycle [So]t ^ ^^(So), [So]t = ''^'■EqI-^ p[\t 01- This is 
consistent with our earlier proposal [S] = '(/''[■^o] for the open string virtual cycle (see the 
paragraph below ( |6.26|) ). 

The K-theory class of the obstruction bundle splits similarly in an open string part [Va] 
which has been considered before, and a closed string part [H^{Tiq, f^K'^iTz))]- The later 
is the K-theory class of the standard obstruction bundle over Mo,i(2, {3') restricted to Sq. 
Recall that the fiber of V*^ over a point (Eq, /o,p) is given precisely by H^{Tiq, f^K^iTz))- 

We can now tie all loose ends together and write down a well defined local formula 
for the open string invariants Ci^y^d'i, (3) 

CAd'i.d'M f 1 eT([VS,-A^(T^)p;]) 



where H is the generator of H*{BT). The factor {—Xt>H) in the denominator represents 
the equivariant Euler class of [df], if^p is the Mumford class associated to the point p, and 
A^{Tz)p^ should be regarded as an equivariant bundle over Sq. Summing over all fixed 
loci So we obtain the following expression 

c,.K,,).£.^/ (0.40, 

{-Xt'H) J[M^r\T -Xt'H-i^p 

where A'^{Tz)p^ should be regarded as an equivariant bundle over Mp^. 

Although this formula is now well defined, it is also of little use for explicit computa- 
tions. The major problem is that the fixed loci So can have a very complicated structure, 
since the T action on Z is not generic. Ideally, we would like to be able to compute the 
invariants ( |6.46|) in terms of standard Kontsevich graphs for closed string maps to Z. In 
order to do so, we have to take one more step and rewrite the formula (|6.46|) in terms of 



a generic torus action. Recall that T is a subgroup of the torus G = {S^Y which acts on 
Z and P[ is a G-fixed point on Z. Then we have the following commutative diagram 

(Mp>)t^^(Mpi)g (6.47) 



t t 
BT — ^ EG. 
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Let (?7i, . . . ,777) denote the generators of H*{BG) defined by the characters of G as ex- 
plained in chapter nine of [0. Then we have 



/Cg^ Q (771,..., 777), /Ct^ Q(Aiif,A3i?). 



(6.48) 



The map s in the above diagram induces a puU-back map s* : JCq- 
which factorizes as 

S * 



>}Ct by locahzation, 



(6.49) 



where C TZg is the ideal generated by (772, ?74, 771 + 775, 773 + 775, 777), and s is defined by 
5(771) = XiH and 5(773) = X3H. Using these relations, we can write the class —Xt'H — i/jp = 
— ^H — tpp in (|6.46|) as ^— ^ — Moreover, the equivariant virtual class [Mp^'jr 

and the obstruction bundle V*^ are pulled back via S from (Mp/)G (for the virtual cycles 
we have to use the Gysin map). Therefore, using the projection formula, we can rewrite 
( |6.46| ) in the form 



[M 



P'lG 



' d' 



(6.50) 



We will explain how to perform explicit computations using this formula in the next section. 
Here let us note that we can rewrite ( |6.5C1| ) in a different form which is closer to the integrals 



written in 25 



eGmTz)p;: 



[Mo,i{Z,p')]c 



eGiV')evU<Pp;: 



(6.51) 



where evG '■ Mo^i{Z, (3')g — ^^g is the equivariant evaluation map, and ^p/ G Hq{Z) is 
the equivariant Thom class of the fixed point P[. The equivalence of the two expressions 



follows from the commutative diagram (|6.26|) by a series of formal manipulations based on 
the functor ial properties of Chow groups given for example in chapter V, §5 — §8. Let 



a 



eG(V°) 



V3 



G Aq{Mq^i{Z, 13')) and note that the equivariant integral in (|6.50|) can be 



written as 



eG{[jUV^)-^\Ts)p^]) 



[Mp,]G 



_V3 



eGiA^{Tz)pi 



-TV; 



<jp' 



(6.52) 
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where we use the notation of (|6.26| ). Then, using the projection formula, we have 

7r*ip;(a) = ip>ev^ [a n [Mo,i{Z, (3')]) . (6.53) 

All these manipulations are carried out in equivariant setting, but we suppressed the 
subscript G for simplicity. If we denote by 11 : Z — >pt the projection onto a point, the 
equivariant integral in (|6.51|) can be written as 

eGiV') ev*ai<ppO 

'[Mo,i{Z,P')]g 



/_ i = n,e^, [a U ev\<\>p.) n [Mo,i(Z, /3')]) • (6.54) 



Now we can use localization on Zq to rewrite the right hand side of ( |6.54| ) as 
li^ev^ {aVJev*{(j)p>) n [Mo,i(Z, /3')]) 

= ViU {<Ppi n ev, [a u n[Mo,i(z, /?')])) n I . 



Pf ^G\\-z)Pf) (g_55) 

^ eG{{Tz)Pf) ^ 

where the sum is over all fixed points Pf of the G action of Z. The equivariant Thom 
classes of the fixed points satisfy orthogonality conditions of the form 

^pMpi) = [q ifPf^Pi- ^ ^ 

Therefore ( |6.55| ) reduces to 

U,ev, {aU ev''{(Pp^)n[Mo,iiZ, /]')]) =ip,ev, (a U n[Mo,i(Z, /3')]) (6.57) 
as claimed above. 
Horizontal Discs 

Let us now consider horizontal discs, i.e. /a is an invariant d';^ : 1 cover of D'^. Most 
of the above considerations go through, but there is an important difference, namely the 
origin Qs of D'^ is not a fixed point under the generic G action. Instead, it is a degenerate 
T-fixed point lying on the fixed curve P3P3. The contribution of the isolated fixed point 
(A, /a) can be computed along the same lines 

, , (-1)4 nl"i' (ai - f A3) 

A3 
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The overall sign is again ambiguous; the present choice should be regarded as part of the 
prescriptions of the duality map. The formula ( |6.46|) goes through essentially unchanged 

where At = 4f is the weight of the induced torus action on the domain. Now we have 
"3 

to integrate against the virtual cycle of the moduli space Mq^ defined by the following 
diagram 



Y 

Q3 



Mo,i(2,/3') 



(6.60) 



«Q3 



and [3' = (3 — ^3/12- 

At this point, we encounter an extra complication, since is not invariant under 
the generic torus action. Nevertheless, we would still like to rewrite ( |6.58| ) in terms of a 
generic torus action in order to perform the computations efficiently. A key observation 
is that there exists a T-equivariant automorphism h : Z — >Z mapping the G-fixed point 
{Zi = Z4 = t/ = = 0} to Q3. In terms of homogeneous coordinates, h is given by 



P' 



h : [Zi, Z2, Z3, Z4, y]^[Zi, Z2, Z3, Z4, U,V,W- ^iV2V^] 



(6.61) 



It is straightforward to check that (|6.61| ) is compatible with the ((D*)'^ action ( |6.1|) and 
the T-action on Z. Let Mp^ be the subspace of the moduli space Mo,i(2,/3') defined by 
a commutative diagram of the form (|6.60|) , with Qs replaced by P3. Since P3 is a fixed 
point, there is an induced T-action on Mp^. Then composition by h : Z — >Z induces a T- 
equivariant automorphism '^h '■ Mo^i{Z, (3') — >Mo,i(2,/3') and we obtain a commutative 
diagram of the form 



-Mo,i(2,/3') 




(6.62) 
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The obstruction bundle Vq over Mo,i(2^,/3') and the virtual cycle [Mo,i(2^, are in- 
variant under h by construction. That is we have ^^^(Vo) = Vo and h'[Mo^i{Z,/3')] = 
[Mo,i(2, The virtual cycles [MpJ and [Mgg] are determined by Gysin maps 
[Mp.] =i^,[Mo,i(Z,/3')], [MQ,]=i[^^[Mo,i{Z,P')]. Therefore we have 7/;! [MQ3] = [Mp.] 
and i^hjQ^iVo) = ip/(Vo). Moreover, A'^{Tz)q3 — A^(Th)p^ as T-vector spaces. We con- 
clude that the equivariant integral (|6.59| ) is equal to 



Ci,3'(4'/5) 



(6.63) 



i-XtH) J[Mp,]T -^tH - tp^ 

Since P3 is fixed under the generic torus action, we can further rewrite this expression as 



[Mp,]G 
3 



(6.64) 



or, equivalently, as 



n m _ Cl,3'(4.4^2) „. 



eGiV^)ev*i<Ppi 



273 

d' 



(6.65) 



This formula will be used for explicit computations in the next section. 



Multiple boundary components 

We are left with open string maps with several boundary components. Let / : 
E — >Z, E = Eq U Ai U . . . U Ah be such a map of type {p,da)- Recall that p : 
{1, . . . , h} — . . . , 4', 1", . . . , 4"} specifies the image of each disc A^, a = 1, . . . , /i of 
the domain, and the da are the corresponding degrees. 

If Eq is nonempty, we proceed by analogy with the previous two cases. A similar 
sequence of arguments shows that the sum over all open string local contributions can be 
written as a moduli space integral of the form 



ChAda.fi) =^ 11 ^JxTh) 

I I \ ta ) 

1 



X s 



(v°)n 



a=l 



eVa{4>P{a)) 



(6.66) 



Let us explain the notation. The coefficient Ci p(a)((ia, da[Dp(^a)]) represents the multicover 
contribution of the a-th disc of the domain which is mapped da : 1 to the disc Dp(^a) 
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in the target space. P is a function from the index set {l,...,/i} to the set of fixed 
points of Z under the G action. If -Dp(a) is a vertical disc, -P(a) is the origin of Dp{a)\ 
if -Dp(a) is horizontal, then we have -P(a) = P3 if p(a) = 3', 4', and -P(a) = P'l if p{a) = 
3", 4". Mo,/i(^,/9') is the moduli space of stable closed string maps to Z with h marked 
points {pa}. The homology class G H2{Z,T) is given hy (3' = (3 - Ea=i[^p(a)]- 
ef : Mo^hiZ, (3') — ^Z'^ is the evaluation map, and eva Mo^hiZ, (3') — >Z denotes its a-th 
component. Ka, a = 1, . . . , /i is an equivariant class in JCq such that s*{K,a) = ^taH, where 
Xt^ is the weight of the induced torus action on the disc A^. One can easily check that 
= f if p(a) = l',3", = ^ if p(a) = 1",4', «a = if p(a) = 2", 3' and = if 
p{a) = 2', 4". Finally, is a symmetry factor which takes into account the automorphism 
group of a fixed locus. The automorphism group of an invariant open string map as above 
is of the form na=i {'^/da'^) x The first h factors represent deck transformations of the 
Galois cover /a^ : — ^Dp(^a)- Their effect would be a prefactor Y\!l=i i~ i'^ (|6.66| ) which 



is absorbed in the coefficients Ci p(a) (da, (ia[-Dp(a)])- P is a subgroup of the permutation 
group Sh which permutes the marked points Pa leaving the map da unchanged. More 
precisely, if we have n discs of the domain mapping to the same disc in Z, V contains a 
factor Sn- Therefore we obtain a factor ^ in ( |6.66|) for each such group of n discs. There 
are eight discs in the target space, so we can have up to eight factors of this form. 

If Eq is empty, the domain of / can be either a single disc or a two discs with common 
origin forming a nodal cylinder. The first case has been treated above. A map of the 
form / : Ai — >Z contributes Ci p(i)((ii, (iifDp^i)]) to the instanton expansion. The second 
case follows easily from the first using normalization exact sequences. Given a map / : 
Ai Up A2 — >Z of type {p,di,d2) as above, its contribution can be easily shown to be of 
the form 

Ci,2,p(i),p(2) {di ,d2,di [Dp(i)\ + d2 [Dp{2)\) 

eT([(T^)p(i)-A^(T^)p(i)]) (6-67) 



= Ci,p{i){di, (ii[i;>p(i)])Ci^p(2)((i2, '^2[-Dp(2)]) 



{-\t,H){-\t,H){-\t,-\t,)H' 



For a uniform treatment, we can extend the formula (|6.66| ) to encompass all possible 
cases. By convention, if Eq is empty, ( |6.66| ) should be interpreted as explained in the 
current paragraph. 

This concludes our discussion of open string instantons on compact threefolds. Since 
this section is rather long and complicated, let us summarize the main points. The 



open string instanton corrections take the form (|6.21| ), where the enumerative invariants 
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Ch,pidaT (3) are given by ( |6.66| ), which is our main formula. Although this expression has 
been derived starting from heuristic considerations, it is a well defined equivariant integral 
over a moduli space (or stack) of stable maps. In the next section we will find very con- 
vincing evidence for the approach proposed here by direct computations and comparison 
with the closed string dual. 

7. Explicit Computations and Large Duality 

At this stage, we have all the ingredients needed for computing topological open string 
amplitudes and testing large A^ duality. Some preliminary remarks on large A^ duality for 
compact threefolds have been included in section two. Let us start with a more precise 
account of the duality predictions for the extremal transition under consideration. 

7.1. Large N duality predictions 

As explained in section four, we have an extremal transition between smooth projective 
Calabi-Yau threefolds Y, Y which can be represented as hypersurfaces in toric varieties 
Z, Z. Z is the blow-up of Z along the section C/ = 1/ = 0, and Y is the strict transform 
of the singular hypersurface Yq. Z has the following toric presentation 





Zx 


Z2 




^4 




V 


w 


T 


c* 


1 


1 








-1 


-1 








c* 








1 


1 


-1 


-1 








c* 














1 


1 


1 





c* 














1 


1 





-1 



(7.1) 



One can easily check that h^'^{Z) = h^'^{Z) + 1, therefore r = 1 in the notation of section 
two. The toric contraction n : Z — >Z is given in terms of homogeneous coordinates by 

Z, = Z„i = l,...,4, U = Uf, V = Vf, W = W (7.2) 

with exceptional divisor (T). Note that (T) is isomorphic to x Fq and the map ( |7.2| ) 
contracts the fibers. 

Geometrically, Z is a fibration over Wq with Pi fibers. This follows from the fact that 
each P^ fiber of Z — >Po undergoes an embedded one point blow-up. The Mori cone of Z 
is generated by (see equation (A.l)) 

hi: Zi = Z3 = f = 0, h2- Zi = U = f = 0, 

h^: Zs = U = f = 0, h^: Zi = Zs = U = 0. (7.3) 
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Note that /ii, are vertical classes and /i2, are horizontal classes on Z. Moreover, hi 
is the fiber class of (T), and hi ■ (T) = —1. Therefore in the notation of section two, we 
have a single exceptional curve class [C] = hi, and one exceptional divisor D = — (T) so 
that C-D = l. 

The Kahler cones of Z, Z are generated by the toric divisors (see formulae (A.l), (A. 3) 
in appendix A) 

Jl = (Vt^), '{2 = (^l), {3 = (^3) ^ _ 

Jl = {lJ), J2 = (^l), J3 = (^3), J4 = W. (7.4) 



Using (|7.2| ) and standard linear relations among toric divisors, we find the following rela- 
tions 

Ji = 7r*(Ji-J2- J3) + (T), J2 = 7r*(J2), J3 = 7r*(J3), J4 = 7r*(Ji). (7.5) 

Therefore, the geometric part of the duality map (|2.9| ) becomes in this case 

ti = -iA, h-ti =t2, h-ti=h, t4 + ti=ti. (7.6) 

In order to test the duality predictions, ( [7.6] ) must be supplemented with extra relations 
between the open string Kahler parameters r/, r", i = 1, ... ,4 and the closed string pa- 
rameters 7 = 1, . . . , 4. These will be determined later. We have to compare the genus 
zero Gromov-Witten expansion of Y 

:Fiyg,J,)=g:^ Y: C~e-^'~'^ (7.7) 

/36H2(2,Z) 

to the genus zero open string expansion of (y, L), or, more precisely, to a generating 
functional attached to the triple [Z, Y , L). 

Since the discussion in section two was very schematic, let us summarize the main 
points of the construction. We start with a generating functional of the form 



(7.8) 



h=l{da,l3) P a=l 
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where the notation has been explained in detail in section six, and will not be reviewed 
here. The coefficients Ch,p{da, = i*^Ch,p{da, (3) are defined by our main formula ( |6.66|) , 
which is reproduced below for convenience 



ChAda.P) 11 ^T-TT 



V\ J-A -At^if 

h n (7-9) 

Ua=i eG(A4(T^)p(a)) J[MoAz,n]a H - V^p.. 

The formal series (|7.8D is called the open string instanton sum and should be interpreted as 



X s* 



a series of corrections to Chern-Simons theoryl. The final open string generating functional 
is the Chern-Simons free energy with all these corrections taken into account. Therefore 
the final expression for the genus zero free energy will be of the form 

T^^^ (at At' t") 

(7.10) 

where 

4;L = ^.-^ E c^^-''^'' (7-11) 

f3eH2{Z,7l.) 



is the genus zero Gromov-Witten expansion of Y . The next two terms in ( [7.10| ) represent 



the genus zero contributions of the uncorrected Chern-Simons theories supported on Li, L2 
and the last sum encodes the effect of open string instantons. Note that we sum over all 
relative homology classes 13 = 13' + Y/i=iid[[D[]+d'l[D'{]), with d[, d'l > 0. In the remammg 
part of this section we will show by explicit computations that (|7.7| ) and ( [7.10|) are in exact 
agreement. This is very strong evidence for the large duality, as well as the open string 
techniques developed here. 

Let us start with some remarks on the instanton coefficients ( [7.9| ). This formula fac- 
torizes in open and closed string contributions refiecting the structure of a generic in- 
variant open string map. The open string contributions are represented by the prefactor 
]^^^^ '"i'p(")^^^|'^'^^p(°)l) while the closed string contribution is the equi variant integral in 



^ Note that it suffices to included only genus zero corrections in this formula, in agreement 
with the footnote at page 24. 
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square brackets, which takes values in ICq — Q (^i^ • ■ ■ 5 Vi)- This integral can be evalu- 
ated by localization with respect to the G-action on the moduli space Mo,/i(2, The 
fixed loci of this action can be classified using the graph method developed in and 
the evaluation of local contributions is standard material. The open string factors can be 
represented graphically by adding extra legs to the closed string graphs as in . There is 
however a subtlety in this approach, as the closed string graphs represent fixed loci under 
the induced G-action on the moduli space of marked stable maps. On the other hand, G 
does not act on the moduli space of open string maps, as explained in detail in section 
six. Hence a closed string graph with extra legs should not be interpreted naively as a 
graphical representation of an open string fixed locus. Instead one should think of such 
a graph as encompassing two sets of data corresponding to the factorization of ( [f?9|) into 
open and closed string contributions. The closed string data is encoded in a conventional 
closed string graph, while the open string data is encoded in the extra legs. We will shortly 
discuss concrete examples. 

The homomorphism s* : K,g — has been described in detail in section six, below 



equation ( |6.49|) . We have s*(r7i^3) = Ai^aif, s*(r72,4,7) = s*(?7i + ^75) = ■s*(?73 + %) = 0. 
These formulae must be extended to ICq by localization. Since we also have to take the 
nonequivariant limit of ( |7.9| ), the final answer will be a homogeneous rational function of 
(Ai, A3) of degree zero. It is very convenient to express the answer as a rational function 
of the ratio z = A3/A1. Following the local examples discussed in section five, z will be 
related to framing in Chern-Simons theory, provided that the later can be thought of as a 
formal variable. We will show that this algorithm gives rise to sensible results, although 
we will find some subtleties along the way. 

Each sphere Li, L2 contains two knots T'-^, F" and respectively F2, F2 which form Hopf 
links with linking number +1. As explained in the paragraph below (|6.21|) , these knots 
are endowed with the orientation induced by the canonical orientation of the vertical discs 
with respect to the inner normal convention. This means that the multicover contributions 
of the vertical discs will be weighted by holonomy factors of the form Tr(y/)'^, Tiiiyl')'^ 
and respectively Tr(y2)'^? Tr(V2")'^, where (i > is the degree. The contributions of the 
horizontal discs will be weighted by holonomy factors of the form TS:{yl)~'^ = TSiiyl)'^ 
etc.0 The framing of F'^^, . . . , F2 can be related to the torus weights following the same 
considerations as in the local case. We find the following relations 

P'i = -, Pi=z, p'2 = z, p'i = -. (7.12) 

z z 



Here we denote by convention Tr/jV = Tr-^V for any U{N) group element V. 
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After these preliminary remarks, let us turn to concrete computations. For a system- 
atic approach we will distinguish several cases, depending on the class (3 G H2{Z, Z). 



7.2. Vertical Classes 



We start with instanton corrections associated to vertical homology classes. This 
means that the discs are mapped to the vertical discs D[, D'l, and the class 

f3' associated to the closed curve Eq is a multiple of hi. Let us denote by n the total 
degree of such a map, i.e. f3 = n/ii, n > 0. The class (3' introduced in section six will 
be of the form P' = n'hi, with < n' < n. For a fixed n we have to sum over all values 



of n' . Except for the individual disc factors in (|6.66| ) the computation reduces to the 
evaluation of the equivariant integral by localization. The fixed loci in the moduli space of 
stable maps with marked points consist of points of the form (Eq, fo^Pa) where the marked 
points Pa are mapped to {P{, P", P2} and /o(Eo) is a G-invariant vertical curve on Z. 
The structure of the G-fixed locus on Z and the G-invariant curves have been described in 
detail in section 6.1. There we found a 'skeleton' consisting of 24 invariant curves which 
is reproduced below for convenience. 




Fig. 8: The toric skeleton of Z and the configuration of vertical discs attached to 
the fiber F\. The color coding has been explained in section six. 



The vertical invariant curves form four connected (reducible) components lying in four 
distinct P'^ fibers which were denoted by Fi, . . . , F4. These are the green triangles in the 
above figure. Since the marked points must be mapped to either P"} or P'^^, it 
follows that Eq can be mapped either to F\ or to F2, which are disjoint fibers. Therefore 
the fixed loci naturally divide into two classes depending on their image. Moreover, there 
is a 2/2 symmetry which exchanges the fixed loci in different classes. For each fixed 
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locus mapping to Fi there is an identical fixed locus mapping to F2. A straightforward 
local computation shows that their contributions are also identical, therefore it suffices to 
consider only one class, say G-invariant maps to Fi . The local geometry near Fi is sketched 
in fig. 8. The fixed loci are represented by closed string graphs composed of continuous 
line segments. Additionally, we have extra legs corresponding to the open string factors, 
as explained below ( |6.48| ). In particular we can have pure open string graphs when the 
domain of the map / consists only of disc components. 

The image of each irreducible component of the domain is specified by the inclination 
angle of the corresponding line segment and by the color code. Uncontracted components 
are represented by green lines with marked endpoints. Contracted components are repre- 
sented by black line segments with no marking at the endpoints. The degree of the map 
onto its image is specified by a number d attached to each segment unless (i = 0, 1 in 
which case the segment is left unlabeled. For example the graph (f3) in fig. 9 represents 
an invariant map / : — >Z which is mapped 1 : 1 to PiPi'- The marked point pi is 
mapped to Pi- This corresponds to a certain local contribution to the equivariant integral 



In addition we have an open string prefactor of the form Ci^i'(l, [D[]) corresponding to 
the dashed line segment. According to the discussion below ( |6.48|) , this should not be in- 
terpreted as graphical representation corresponding to a fixed invariant map. The correct 
point of view is to regard this graphs as a pair (closed string graph, open string graph) 
representing a local contribution to the instanton coefficient Ci,i'(l, 2/ii) defined in ( [7.9| ). 
Similarly, (f5) consists of a closed string graph which represents a / : — >Z which is 
1 : 1 onto PiP{. The marked point pi is mapped to P[. The extra dashed leg represents 
an open string factor given by a degree one cover of D'l. The graph (fl5) has a similar 
interpretation, except that the domain of the closed string map has three irreducible com- 
ponents. One component is contracted (the black line), and the two other components are 
are mapped to PiPi' with degree 1. The open string data consists again of a degree one 
cover of D'l. 

We list below all contributions of vertical maps to Fi of total degree up to 3. Each 
local contribution carries a subscript which corresponds to a fixed locus represented in fig. 
9, fig. 10 and fig. 11. 




(7.13) 
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degree 1 



(fl) 



(f2) 



(f3) 



\ 2 



(f4) 



(f5) 




degree 2 



(f8) 



(f9) 



(flO) 



Fig. 9: Stable maps: degree one and two fiber class. 



Degree one: 



(fl) 



6z' 
z-l 



C, 



(f2) 



6 



z{z-l) 



(7.14) 



Degree two: 



C(f3) 
C(f7) 



182(2+2)(2z+l) 



c, 



(flO) 



-l)(2z-l) 
45z^ 



2(z-l)(2-2) ' 
3 



2(2-1)- 



C(f4) 
C(f8) 



18(2+2)(22+l) 

2(2-l)(2-2) ' 

45 

22(2-l)(22-l) ' 



C(f5) 
C(f9) 



C(f6) 

2-1 ' 



(7.15) 



Degree three: 



(fll) 

(fl3) 
(fl6) 
(fl9) 



C'(f22) 
C(f26) 
C(f30) 



272(2+2)^(22+1)^ 

(2-1)3(22-1) ' 



(fl4) 



0, 



27(2+2)^(22+1)^ 
2(2-1)3 , 



(f20) 



0, 



27(2+2)(2+5)(22+l)(52+l) 



2(2-1)3(2- 

C(f27) — C'(f28) 
18(2+2)(22+l) 
2(2-1)2 , 
_ 362(2+2)(22 + l) 
(f33) — (2-l)2(2_2)(22-l) ' 



■3) 





(fl2) 
(fl5) 
(fl7) 
(f21) 



(f31) 
(f34) 



27(2+2)^(22+1)^ 

2(2-1)3(2-2) ' 
27(2+2)^(22+1)^ 
(2-1)3 , 



0, 



(fl8) 

272(2 +2)(2 +5)(22 + l)(52 + l) 
(2-1)3(32-1) • 

C(f24) = ^^(125) = 

182(2 +2)(22 + l) 
(2-1)2 , 

C(f32) = 0, 

2702^(2+2)(22+l) 

(2-l)(2-2)(32-2) ' 
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Fig. 10: Stable maps: degree three fiber class - I. 



We have identical corrections for vertical maps to the fiber F2, except that the holonomy 
variables are different. Collecting all localization results, we can write the vertical instanton 
corrections in the form 

F-nst = -^«(t'i)9i - ^«(ti,t;)9i9i - ia^2t[)qi - ia(^2t„t[)qiqi - ^a(ti,2t;)?i?i - ia^3t[)qi , 

(7.17) 

where 

= - [C'(fi)(Try/ + TrV^') + C(f2)(TrV/' + TrV^)] , 
9s 

ait„t[) = - [(Ciis) + qf5))(Try/ + TrV^') + (C^u) + C^m))iTrVl' + TrV^)] , 

a(2t;) = - [Cin)iTrVl^ + TrV^'^) + C^,s)iTrVl'^ + TrV^)] - zC(f9) [{TrVlf + [TrV^'f] 
9s 
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a(2ti,t;) 



1 

9s 



fc=ii 

-k odd 



-iC^iss){TrVlTrV;' + TrV^ 



ai3t[) = -9. 



28 
k=2 

9s 

C(f36) [(Try/)3 + {TrVi'f] + C(f37) [( W/')' + O^V^f] - zC^^^s) ( W/IVF/^ 

+ 'ny2'"ny2"2) _ iC(f39)(Try/'Tryi"2 + ivy2'TVy2") + - [C(f4o)(Tryf + Try2'") 

9s 

+ C^ui){TrV;'^ + TrV^)]. 

(7.18) 




(f29) 



(OO) 



(Ol) 



(S2) 



(f27) 



(03) 



(f34) 



X 2 
(f35) 



(06) 




(f37) 



(i28) 



(t38) 



2 

(f39) 



(f40) 



3 \ 
(f41) 



Fig. 11: Stable maps: degree three fiber class - II. 



Some points in this formula deserve explanation. As we mentioned earlier, for each disc 
Aa of the domain we have to write down an instanton factor of the form e~'^"^''('^) , where 
Tp(^a) are flat open string Kahler parameters, which are generally different from the flat 
closed string moduli. For the vertical classes under consideration, we should have four 
such parameters r{, r", r2, T2 corresponding to D[, D'(, D'2, -D2 • These parameters depend 
linearly on the framing of the corresponding knots, hence a priori they have different 
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values although all vertical discs are in the same homology class. However, once we absorb 
the trivial framing dependence by redefining the holonomy variables, as explained below 
equation ( |5.23| ), we can take them to be equal. We let q'l = e~^i = e~'^^ = e~'^^ = e~^2 ^ 
and qi = e~*^ be the closed string instanton factor for the vertical class hi. 

The next step is to compute the Chern-Simons free energy including the instanton 
corrections ( [7.17|) . All link and knot invariants should be expanded in powers of Qs as 



explained in section five. The resulting expansion will automatically be a power series of 
the framings ^'1,^1,^25^25 which take the values ( [7.12|) . Let us first record the final result 
including corrections up to second order in qi , q'l 

gl In (e^^-- ) = - I2q[ {y - y-^) 

3 2 2 14^^ + 51^3 + 173^2 + 5I2 + 14 
+ 2^^!^ y z{z-2){2z-l) 



4 - 24^3 _ 8g^2 _ 



+ ^(';' .(.-2)(2.-l) 

3, ,,2 _2 224 -3^3 -3z + 2 
+ 2^^^^ y~ z{z-2){2z-l) 

_i , -2Az^ - 36^3 + 12^2 _ 36^ - 24 

^^^^^^^y-y~ ) ^(.-2)(2z-i) 

where y = e*^/^ denotes the exponentiated 't Hooft coupling constant of the two Chern- 
Simons theories supported on Li,L2. (The two coupling constants must be equal as a 
result of the zero charge condition, as explained above ( |675|) ). 

Having reached this point, we have to face a new puzzle: unlike the local examples 
studied in section five, the final answer is a function of z. If this answer has to be taken 
at face value, what is the correct interpretation? To shed some light on this question, let 
us perform a change of variables of the form 

gi=gig4, y = {qi)'^^ q[ = [qif'^q^. (7.20) 

Note that the first two relations follow from the duality map (|7.6| ). The third relation 
involving the open string instanton factor takes into account an extra shift in the 



Kahler parameters due to open string quantum corrections [|T5[. As a function of the new 
parameters, ( [7.19| ) becomes 



g^lnie =12g4(l - gi) -^1^4 



z'^ + z + 1 3 ool7z2 + 53^ + 17 



Z I z 

^ o 4;z^ + 13^ + 4 3 o - 3;z3 _ ^2 _ 3^ ^ 2 

+ '^^^^ i + 2^^ .(.-2)(2.-l) ■ 
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(7.21) 



In order to understand the meaning of this expression in the context of large N duahty, it 
is very helpful to take a closer look at the closed string expansions on both sides, i.e. the 
series J^^^^i{gs,ta) and J='^^^^{ga,t^). 

In both cases, the coefficients Cp, C~ can be computed by localization using the convex 
obstruction bundle approach reviewed in section three. We have studied in detail the G 
action on Z. There is a similar G — {S^)^ action on Z given by 

[e^^ , e^^^ . . . , e*^«) -(^1,^2,...,?) = (e^^Zi,e^^Z2, . . . , e*^«f ) . (7.22) 

whose fixed locus consists of all isolated points on Z which can be represented as a quadru- 
ple intersection of toric divisors. The G-invariant curves on Z form a skeleton which can 
be obtained from the skeleton of Z by replacing the fibers Fi, . . . , F4 with Fi surfaces 
Fi, . . . , F4. For later use, note that there is a lift of the action of T to Z given by 

{e^\e^\...,e^^^ = {e'^''^,l,e'^^''',l,e-'^''^,e-'^^'^,l,l) . (7.23) 

Now let us write down the vertical Gromov-Witten expansions for Y, Y. We have 
P = nhi, n > 0, on y and P = nihi + 714/44, ni, n4 > on Y. Therefore we obtain 

4?c/(^.,^l) = E^-5^ 4;c/= c'.^n.rc (7-24) 

n>0 ni,n4>0 

where the coefficients C^in4 have integral representations of the form 

Cn= [_ e(V), Cn,n,= [_ „„e(V). (7.25) 

J[Mo,o{Z,l3)] J[Mo,o{^M 

V, V are the obstruction bundles. 

Given the structure of the toric skeleton in both cases the fixed loci in the moduli 
spaces Mq^q{Z, P) and Mq^q{Z, P) fall naturally in four classes, depending on their image 
in Z, Z. A component of the fixed locus in Mq^q{Z, P) will be called of type z, i = 1, . . . , 4 
if its image is embedded in the invariant fiber C Z. Similarly, a component of the fixed 
locus in Mq^q{Z, P) will be called of type z, z = 1, . . . , 4 if its image is embedded in the 
invariant fiber Fj C Z. The coefficients Cn, Cn-i^m receive contributions from all such fixed 
loci, that is we have 

66 



The local contributions in ( [7.26|) are homogeneous rational functions of degree zero of the 
torus weights. In order to understand the meaning of the open string expansion ( [7.21| ), we 
will specialize these local contributions to /Ct as explained below equation ( |6.49|) , obtaining 
rational functions of z. 

Naively, large duality predicts a relation of the form 



E C^rr.AT~^r = E + ^cli + ^^cs,2 + In (e^^"- ) (7.27) 

ni,n4>0 n>0 



where the coefficients C^, C^j^ni are given by ( |7.26| ). Clearly, such a relation cannot be true 



since Cm Cn^m are rational numbers, while the coefficients in the open string expansion are 
functions of z. However, let us recall an interesting geometric fact. The closed component 
Eq of the open string maps which contribute to ( [7.21|) is mapped either to Fi or to F2. 
There are no such maps to -F3, F4 since all these fibers are supported away from the vertical 
discs. This suggests that in ( [7.27| ) one should take a similar truncation of the coefficients 
C'n 5^*711714 by only summing over invariant maps to Fi,F2 and respectively Fi,F2. More 
precisely, the truncated coefficients are given by 

where s* : JCq — ^/Ct, ^* : /C~ — >}Ct are specialization morphisms. Clearly these are no 
longer rational numbers since we do not sum over all fixed loci. After specialization to JCt 
we will obtain rational functions of 2, as discussed before. One can regard C^,C^^^^ as 
equivariant refinements of standard Gromov-Witten invariants which probe a finer struc- 
ture of the moduli space of maps. Then, we propose the following modified large duality 
conjecture 

E C^^in4 9T^?T = E ^nl"^ + ^ch + -^ci,2 + In (f^^ ) ■ (7.29) 

ni,n4>0 n>0 

Ideally, one would like to have a conceptual proof of this conjecture, which seems to be 
very difficult. Here we will restrict ourselves to a numerical test. The truncated closed 



string expansions can be evaluated by summing over Kontsevich graphs [^^. This is a 
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standard computation, so we will omit the details. Up to second degree terms, one finds 
the following expressions 



i — ' y 4 ^ 



i>0 



ni,n4>0 ^ ^ 

^4;z2^132 + 4_ 3 20;22_^292 + 20„2~2 ^^.~3 ~3n 
+ 6 qiq4 + qlqj + 0{qf, . . . , 

^ ^ (7.30) 

Using the duality relation qi = qiq^ and (|7.21| ), it is straightforward to check that ( |7.29| ) 
is satisfied up to terms of degree two. This is positive evidence for the modified duality 
conjecture. Obviously, one would like to test this conjecture at higher order in the expan- 
sion. The main problem is that the closed string computations become very tedious since 
we have to sum over large numbers of graphs. Although a more thorough investigation 
is possible, it would be preferable to develop a more conceptual approach. We leave this 
aspect for future work. 

Before we can continue our analysis, we should try to understand the meaning of 
the modified duality conjecture. The truncation ( [7.30|) seems to be necessary because the 
open string expansion cannot capture all the closed string information. For pure geometric 
reasons, on the open string side, we cannot take into account the effect of the fixed loci 
mapping to ^3,^4. Clearly, this phenomenon is very specific to the present example. 
In other examples one may find that various truncations of Gromov-Witten invariants 
are needed. For example we expect that no truncation is necessary for the compact dP^ 
model described in section four. This is so because in that case we have four vanishing 
cycles rather than two, and the invariant open string maps can take values in the fibers 
^3,^4 as well. The general assertion one could make in this context is that the open 
string expansion computes the sum over those closed string graphs which are geometrically 
accessible. The notion of geometrically accessible graphs depends on the peculiarities of the 
model. We expect that such a notion and a refined duality conjecture can be formulated 
for all transitions in which the nodal points are fixed points of the generic torus action. 
This is a very interesting subject for future work. 

Returning to our model, there is an important observation one could make. While 
the unrefined duality conjecture ( |7.27| ) cannot be true for arbitrary values of quite 
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remarkably, it holds true for the special value z = 11 First note that if we specialize z = 1 



in ( [7.30|) we obtain 

72Q 

n>0 



E C'^\nji'q2' = 2gi + \ql + 36^4 + ^ql + 126qiqA + + 

ni ,n.4>0 



(7.31) 



Although written in terms of truncated coefficients, these are the full genus zero Gromov- 
Witten expansions of the two models (see appendix A). The explanation is that for z = 1, 
the contributions of the fixed loci of type 3, 4 cancel each other, leaving only the contribu- 
tions of fixed loci of type 1,2. This phenomenon is not very uncommon in Gromov-Witten 
theory. Sometimes one can exploit the symmetry properties of the target space in order 
to simplify the local contributions of the fixed loci by making a special choice of weights. 
See for example [|T9| . 

Since the refined duality conjecture was shown to be true up to order two for any z, it 
follows that the unrefined conjecture also holds up to order two if we set z = 1. Exploiting 
this feature, we can perform higher order tests of the duality more efficiently. Below we 
record the open string expansion including terms up to order three in Kahler classes for 
z = 1 

In (/^^^ = -36q[{y - y-') + ^2AqMy - y-') + 450q? + ^q^y-' - ^-f-q[V 

+ 8748qlq[{y - y~^) - 6804^1^^ + 5346^1^^ y"^ + 82%2qiq^y'^ + -q'^y~^ - 5344gf y"^ 

3 

+ 22508Qf y - ^-^q?y' + ■ ■ ■ . 

(7.32) 

Using the duality map ( |7.2U| ) we can rewrite this expression in the following form 

g1 In (e^'^l) =36^4 - 36^1^4 + \ql + 126^i^| - '^qlql + ^ql + 2q^ql + 152^2^3 

466 o o 
- -^Wa + ■ ■ ■ ■ 

(7.33) 

This formula is to be compared to the closed string genus zero expansion worked out in 
appendix A. Before running this test, it is more convenient to compute the open string 
expansions for mixed and horizontal classes as well. 
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1.3. Mixed and Horizontal Classes 



We have to perform analogous computations for instanton corrections in homology 
classes of the form (3 = nihi + 712/12 + nshs with ni, 712, us > 0. The technology is very 
similar, except that now one has to consider horizontal discs as well. The equivariant 
integrals ( |7.9D can be computed as above using the graph method. We record below the 
instanton expansion and enumerate the relevant graphs, which should be interpreted as 
explained below (|^) and ( fTTsp . 



(h2) 



2 
(h4) 



(h6) 



(hi) 



(h3) 



(h5) 



(h7) 



(m2) 



(ml) 



Fig. 12: Stable maps: degree two mixed and degree one and two horizontal classes. 
The color coding is as before. 



The closed string data is encoded in continuous line segments representing irreducible 
components of the domain. Each such component is either contracted or mapped to an 
invariant curve in Z as indicated by color, inclination angle and degree. The conventions 
for the degree of the map are the same as before, that is for d = 0,1 the segment is 
left unmarked, while for d > 2 the segment is marked. The extra legs drawn with dashed 
colored lines represent the open string contributions to the instanton coefficients ( [7.9| ) . The 
colors correspond to different homology classes, as explained below fig. 6. For example, 
the graphs in the first line of fig. 12 represent pure horizontal open string contributions. 
The vertical blue lines correspond to multicover contributions of either D'^ or D'^, and 
the horizontal red lines correspond to multicover contributions of D'^ or D'^. Due to 
the symmetry properties of Z, the moduli space integrals are identical for D'^, D'^ and 
respectively D'^,D'l. However, the holonomy variables are different. This is refiected in 
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the coefficients ^(tg, o,{t'^) in equation (7.34). (fi7) is again a pure open string contribution 
representing a 1 : 1 cover of either D'^Uq^D'^ or D'^Uq^D'^. This gives rise to a^^f^f^y (ml) 
represents a contribution of the form (|7.9|) with /i = 1, a = 1, p(l) = 3' (or p(l) = 4"), 



d' 



1 (or d'^ = 1) and (3 = hi + h2. Therefore we have one degree one disc factor 



corresponding to a 1 : 1 cover of either D'^ or D'^ and an equivariant integral on Mo,i(2, hi) 
which locahzes on a vertical curve in (F4) passing through P3 (P4'). There are two such 



curves -P3-P3 and -P3-P3' in F3, respectively P^'P^, P4P4 in F4. However it can be easily 



checked that whenever a component maps to either P3P3 or P'^P/i the contribution of the 
corresponding graph vanishes identically upon specialization to K,t- This follows form the 
fact that these curves are fixed under T, hence the tangent toric weight vanishes. Such 
graphs will not be included in the figures. Overall, we are left with the contribution of the 



vertical curves -P3-P3' and P^^P'^] they determine the term a{t^^t'^)- The last graph (m2) is 
very similar and yields aa, f ^ . The same rules apply to the third degree graphs represented 
. «, :3 and «, U. «lal exp.es.„. all .leva. ..a.„. eo„eetio„s ifl 




(m3) 



(m4) 



(mS) 



(m6) 



(m7) 





(m8) 



(m9) 



(mlO) 



(mil) 



(ml2) 



Fig. 13: Stable maps: degree three mixed classes - I. The color coding is as before. 



Note that in this formula we have to include pure vertical corrections up to degree two as 
well. Such terms multiply the existing mixed and horizontal corrections in the Chern-Simons 
expansion giving rise to new mixed terms in the final answer. 
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where 



^a(,,,3,i)5l535^ -^a(,,,3,,)gx535^ -^a(,,,2ti)gig^2 -za(,,,2t^)gig^^ 



(7.34) 



9s 9s 

6*5 9s 
ai2t',) = --C(h3)(TrFf + TVFf ) - i^hs) [(^^'i)' + (TrF;V 

9s L 

ait',,t',) = -zC(h7)(ivF;itF; + ttf'/ivf;'), 



a(2ti,t') = 



a(2ti,t') 



= 4 E-^ 



1 
1 



\k=3 
10 



= - [(qml9) + C(m20))ClVF/ + + (C(^21) + C(m22))(W/' + TrV^)] , 

9s 

Ht.MA) = -^C^mii)iTrV[ + IYF;'), a^tM',) = -^C^mi2){TrV" + TrV'^), 
9s 9s 



1 

9s 



[(C(m23) + C(m24))(Trn' + TrV^') + (C(m25) + C(m26))(Trn" + ^3')] : 



9s 9s 
ait„2t',) = --C(„,i5)(IVFf + IVFf ) - zC(^i6) [(TtV^i)' + {TrV'^f 

9s L 

a(ti,2t^) = --C(mi7)(wf + TrF?) - iq^is) [(W';)^ + (TYF^)^ 



(7.35) 



The expressions for the coefficients C obtained by locahzation are hsted below. Degree 
one: 

C(hi) = C'(h2) = -1. (7.36) 
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Degree two: 



f-^ z — 1 22 — 1 

<-'(h3) - 4F' '-^(h4) - 

ri 2—1 2(2—1) 

<^(h5) - 4i^, <-'(h6) - 4 • 



C(h7) = -I7 C'(ml) = C'(m2) = -^^i-i^. (7.37) 



Degree three: 



n — 45(2-1)2 ^ _ ^ _ 6(2-1) 

<-^(m3) - 2(2+1) , <-^(m4) - <-^(m6) - — 

n — 36(2-1)2 ^ 45(2-1)2 

<-^(m5) - p , <-^(m7) - (2+1) ^ 

2 _ _ 6(2-1) = 



C(m9) = -36(2: - 1) , (^(ms) = C'(mlO) 

C(mll) = C'(ml3) = 3, C(nii2) = -^(^-l)' 

^ _ 62^ n — 6(^-1)^ 

<-^(ml4) - — , ^ <-^(ml5) " p , 

C(ml6) = -^^^^3^1 C'(ml7) = 6(2 - 1)^, 

C(ml8) = -^Z[z - 1)^, C(mi9) = 

^ _ 122^ ^ _ 9(22-3)(2-3) 
<--(m20) - T^-, '--(m21) - , 

_ n — n n _ 9(32-i)(32-2) 

t>(m22) — t>(m24) — U, (-^(m23) — 2(2-1) ' 

C(m25) = -I(F^: C'(m26) = " 1(131) ■ (7-38) 

For the final result, we have to compute the Chern-Simons free energy with all these cor- 
rections included. Following the rules given so far, this is a straightforward, although 
quite tedious computation. In order to simplify this process we have considered only 
pure horizontal corrections up to order two instead of three. The only new aspect in 
this calculation is that one has to evaluate Chern-Simons expectation values of the form 
ClVfl,(yi')'IVfljF'i))p; and (Trfi,(yi')TrH,(Fi))p;y;, where the knots r;,r'/ form a Hopf 
link with linking number -fl. Such expectation values are typically avoided in local geo- 
metric transitions by performing an analytic continuation In our situation, this is 
not possible, hence we have to perform the computations directly. This entails an exercise 
in representation theory which is discussed in appendix C. The final result i^l 

gl In (e^^r.f ^ = -2,^(y - y-') - 2q',{y - y-') - U^y' - y-^) - ]q'i{y^ - y-^) 



\ /|(m,/i) ^ / ^^z ' 4 

- 2q'^q'^{2y'' - 3 -f y'^) + mq[q'^{l - y-^) + 36qWsil - y'^) - 324qiq[q'^{l - y-^) 

- 324q^q[q's{l - y-^) + 90gf ^^(5^ _ 4^-1 _ ^-3) ^ QQq'^q'^{^^y - 4y-^ - y-^) 



The subscript | (m, h) means that we only keep mixed and horizontal terms in the final answer. 
The pure vertical terms have been already taken into account in ( 7.33|) . 
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- 216qiq2q'i{y - y ^) - '^'^^QiQsq'iiv ~ V ^) + ^Gq'iQWsi^y - ^+2?/ ^) 

(7.39) 

+ 18^15253(2/-?/ ^) + 18Qi?2g3(2/-2/ 



Using (|7.20|) supplemented with the extra relations 



52 = ^, qs = ^. q'2 = iqi)'^%. Qs = (^1)'^%. (7-40) 
Qi Qi 

we find the following expression in terms of closed string variables 

Q / jpi^'m ih) \ 1 r) f) loo 

g^lnie i"st \ = 2(^2 -2(qiQ2 + ?i?3 + ?2?3) + t(?2 +93) + 6?i92?3 - 7(^1 ?2 

\ / \(Tn,h) 4 4 

+ qIqI) - ^Ihh - 36(0^2 + ?3)?4 + 126(0^2 + qz)ql + 36(0^1 0^2 + ?1?3 + ?2?3)?4 

- 252qi(q2 + ?3)?| - 144^1 g2<?3<?4 + 126q'i(q'2 + ?3)?| + 108(?i(?2<?3?4- 

(7.41) 

The contribution of the pure Chern-Simons sector reads 

+ 4°i,2 = yl + Vl + + 2/1) + ^(y? + 2/f ) + • • • , (7-42) 
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which in closed string variables becomes 

+ 4°i,2 = 2?~i + + ^^1 + ■ ■ ■ • (7-43) 
The full open closed expansion of the topological free energy is obtained by adding ( [7.33| ) , 
( [7.41| ), ( |7.42| ), and the genus zero closed string contribution (A. 15) expressed in terms of 
closed string variables , . . . , 54 . This gives the following expression 



inst 



= 2(0^1 + ^2 + qs) + 36^4 - 2(^1^2 + qiQs + ?2?3) + 126(qi + Q2 + ?3)?4 + -qj + ^{qf 

+ q2 + ql) - ^iqlqi + qfqi) + ^ql + i26(gi + ^2 + ^3)^! + 36(^1^2 + Ms 

2 _ _ _ 207 

+ 9253)94 + 6gi<?2g3 + -^qf + 2919I + —qlql + 2i78(gig2 + qiq^)ql - 14451529394 

20 

- 45^5253 + 15252^1 + 126(5^52 + qlq3)ql + imlMm + y9?9i 

(7.44) 

This result should be compared to the closed string expansion (A. 14), keeping carefully 
track of the degrees of the terms in the two formulae. It can be easily seen that we obtain 
an exact agreement, except for the following terms in the closed string formula (A. 14) 
2 207 

^{ql + ql) + 2(52 + 9~3)9l + —{ql + 93)9! + 217852939I - 4515293(92 + 93) + 152(5! 

+ 5^)5! + 126(5i5i + 515^ + 5i53 + 5293)9! + 108(5i5i53 + qiMDqA + y (92 + 9f)9l- 

(7.45) 

These are either pure horizontal terms of degree three (the first two terms) or mixed and 
vertical terms of degree at least four. Such terms cannot be obtained in the open string 
string expansion unless we include higher degree corrections in the open string instanton 
series. (For example, we have checked that the first two terms in ( [7.45|) are recovered if 
we include degree three pure horizontal corrections in ( [7.34|) ). Therefore we can conclude 
that there is perfect agreement, once the degrees are matched consistently. This is a very 
convincing evidence for the duality conjecture, and of the open string techniques developed 
in this paper. 



Appendix A. Genus Zero Closed String Partition Functions 

In this appendix, we will compute the genus zero closed string partition functions of 
Y and Y using mirror symmetry. First, we determine the Kahler and Mori cones of the 
ambient toric varieties and then we write down and solve the GKZ systems. From this, we 
will determine the Gromov-Witten invariants of the Calabi-Yau hypersurfaces. 
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A.l. The Kdhler and Mori Cones of Z and Z 



Following the method of piecewise linear functions of |]51| we obtain the following basis 
for the Mori cone of Pvy 

Ci C2 Cs C4 C5 Ce Ct 
/(I) =0010011 .. . 

z(2)= 1-10 1-10 ^^-^^ 

/(3) =10-110-10 

where C,i, i = 1, . . . , 7 are the divisor classes corresponding respectively to the i-th vertex 
of Vy. Therefore the Kahler cone of Pvy is generated by the divisor classes Ci, C2 and 
Cj. The only nonvanishing intersection numbers in the Calabi-Yau hypersurface Y are: 

Cl = 18, Ct'Ci = C7C2 = 6, C1C2C7 = 3. (A.2) 
Similarly, the basis of the Mori cone of Pv~ is given by 

Y 



Ci C2 Cs C4 C5 Ce (7 Cs 

[(1) = 1 1 -1 

[(2) = 1 1 -1 (A.3) 

= 1 1 -1 

[(4) = 1 1 

where Q, i = 1 , . . . , 8 are the divisor classes corresponding respectively to the i-th vertex 
of V~. Then the Kahler cone of Pv~ is generated by the divisor classes ^4, Cs, Ce and (7. 



The triple intersections can be easily computed using SCHUBERT ||3J]. The nonvanishing 
intersection numbers in the Calabi-Yau hypersurface Y are: 

C7' = 18, C4C?=6, C5C| = 6, C6C? = 6, 

C4C5C7 = 3, C4C6C7 = 3, C5C6C7 = 3, C4C5C6 = 2. (A.4) 

We also have C2(?)C7 = 72 and C2(?)C4 = C2(?)C5 = C2(?)C6 = 24. 

A.2. The GKZ Operators and the Prepotential 

The GKZ operators associated with the Mori cone generators ( |A.3| ) read 

V, = Ql- ^,(04 - Gi - 62 - e3)(2e4 + 61 + 62 + 63 + 1), z = 1, . . . , 3, 

2 

= 64(64 - 61 - 62 - 63) - h n(204 + 61 + 62 + 63 + i), 



(A.5) 
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where 5^, i = 1, ... ,4 are the large complex structure coordinates and = 5^^, i = 
1, . . . , 4. Note that the GKZ operators are sufficient to determine a complete set of period 
integrals for the mirror of Y since V~ does not have any points interior to codimension 
one faces and admits a (unique) maximal triangulation with all the cones of unit volume 



2^,^. Also note that, as a consistency check, it is possible to rederive the intersection 
numbers ( [A.4| ) starting from the principal part of the GKZ operators ( [A .51 ). 

We denote by wq the solution of (|A.5D that is analytic at = 0, i = 1, . . . , 4. This 



solution is given by the series [p!l|j27 

E 

ni,n2,n3,rt4 



^0 = 2^ fo 



E 



Zi^Z2^z^^z2^T{l + ni + n2 + ns + 2n4) 



(A.6) 



There are four solutions of ( |A.5|) that are asymptotically like In^;^, i = 1, . . . , 4 

zui = zuolriZi + fi, (A. 7) 

where 



fi — ^ ] [/o('S'ni+rt2 +713 +2714 "^^rii + 'S'—^i-^ —^2 —713+714 ) + ^] 5 ^ — I7 • • • 5 3, 

711,712,713,714 

/4 = [/o(25'ni+n2+7i3+27i4 ~ — 5-^11-712-713+714) "~ h] . 



(A.8) 



711,712,713,714 

^71 1 



In the above we have introduced the notation Sn = X]fc=i k have defined 

-zi)"i {-Z2)''^ (-53)"^ (-54)'"*r(l + ni + 712 + ns + 2?i4)r(?ii + n2 + ns - 714) 



h 



r(i + 7ii)2r(i + n2)2r(i + ns)^r{i + n^) 

(A.9) 



Following [1TT| , [27[] we can now write down the mirror map 



^ J^^ i^l, ...,4. (A.IO) 

Wq Wq 

In order to compute the genus zero Gromov-Witten invariants of y, we need to find 
the second order solutions of the system of differential equations ( |A.5|) . These are easily 
obtained to be given by 

zuij =WolnZilnZj +lnzifj +lnzjfi + fij, z,j = l,...,3, ij^j, 

Wi4^ = wolnziln Z4 + In Zif 4^ + lnz4fi + fi4, z = l, ...,3, (A. 11) 

tx744 = roo(ln^4)^ + 21ni4/4 + /44, 
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where 



rti— 712— ns 



+714 i^rii + ) 



ni,n2,n3,n4 



+ 2S'j^-^_(_^2+n3+2n4 ('S'—ni— 712— 713+714 'S'^i "^"-j) ^" '^—ni —712 —713+714 "I" '^( — rti — 712— 713+714)^ 

+ 45'^^5'^^. + 25'(j^^')2 5jj) + 2/i(S'^j^_|_^2+n3— 714— 1 + 'S'm +712 +713 +2714 ~ '^"■i ~ '^"■j)' ~ 

/i4 = [/o (2S'^_^_|_^2+n3+27i4 ~ 2S'(^-^_|_^2 +713+2714)2 + -712 -713+714 (25'^. — Sn^) 

711,712,713,714 

+ 'S'„^-(-n2+n3+2n4 (5'— ni— n2-?i3+'i4 ~ ^S'n^ — Sn^) — S — S'(_„^ _j^2 —713+774)2 

+ '2Sni ) ~l~ ^ ( 2 iSt^ 1+712 +713 —714 — 1 ~l~ 'S'j^-^ -(-712 +713 +2714 ~^ '^^rii '5'n4) ] , i = 1, . . . , 3, 
/44 = ^ [/o(45'^^_|_^2+n3+2774 ~ 4S'(„^-|-^2+n3+2774)2 + 25'„4 -^2-713+714 + 5'^4 



711,712,713,714 



"l~ '5'(^_j)2 4S'ni+n2+773+2n4 ('S'n4 + •S'-^i -712 —713+774 ) + »S'_^^ -773+714 "t" '^(-711—712—713+774)2 
+ 2/1(5"^-^ -(-^2+713— 714 — 1 2S'^-^-|-j^2+n3+2n4 "l~ 'S'^^)] . 

(A.12) 



In ( |A.12|) we have introduced the notation S'(„)2 = X]fc=i p'- 

Taking into account the triple intersections ( |A.4|) , a consequence of mirror symmetry 



is that the foUowing equations hold true 



(0) 



2Wjk + 3 ^ ^ ti7j4 + 3ci744 



i = 1...3, j,k^i,A, 



diA'^ =- — 



^ ^ Wij + 2 ^ ^ VJi4 + 3^44 

i,j,k=l 7=1 
.i<j<k 



(A.13) 



The system of equations ( |A.13| ) completely determines the prepotential. Up to degree 
six in the instanton expansionlll, the prepotential for Y reads 



We only include terms that correspond to instanton corrections of degree less or equal than 
three on Y. 
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, = -3tl - 3(fi + t2 + h)ti - 3{hh + hh + i2h)U - '^iihh + h + £2 + ^3 + 

Y;cl 

9 



+ 2(gi +q2 + qs) + 36g4 - 2(gig2 + gigs + ^2^3) + 126(gi + g2 + ^3)^4 + ^ql 
+ ^{Qi +Q2+ Qs) + + 126(gi + g2 + <?3)g| + 36(gig2 + giga + g2g3)g4 + 6gig2g3 

+ ^(g? + gi + g|) + 2(gi + g2 + g3)g| - ^(g?gi + g^gg + gigs) + ^(g? + gi + g3)g4 
+ 2l78(gig2 + gigs + g2gs)g4 - I44gig2gsg4 - 4gig2g3(gi + g2 + gs) 

+ I52(g2 + ql + ql)ql + I26(g2g2 + gigf + g^gs + gig' + gfgs + g2gl)gl 

20 

+ I08(gig2g3 + gig^gs + qih^D^A + y (g? + gi + gDgl • • • > 

(A.14) 

where g^ = e~** , z = 1, . . . , 4. 

Proceeding in a similar manner, we obtain the prepotential for Y up to degree three 
in the instanton expansion 

^Y-ci = -3^? - 3tit2 - 3t?t3 - 3tit2ts + 3ti + t2 + ts + 162gi + ™ql + 162(giQ2 + gigs) 
+ 162^3 ^ 2430(gi2g2 + g^gs) + • • • , 

(A.15) 

where qi = e~** , i = 1, . . . ,3. 



Appendix B. Disc Multicovers 

Here we summarize the computation of disc multicover contributions using the convex 
obstruction bundle approach. As explained in section six, it suffices to consider only the 
discs D[, D'^ since all other cases are similar. 

B.l. Multicovers of D[ 

Recall that the disc D[ is obtained by intersecting the curve with the 3-cycle 
Li, according to the local analysis of section 6.2. The defining equations of D[ in the 
coordinate patches Ui = {Z2 7^ 0, Z4 7^ 0, 7^ 0}, U[ = {Z2 7^ 0, Z4 7^ 0, F 7^ 0} are 

Ui: xi = ui = 0, yivi=ij,, \yi\ < fi^^'^ \vi\ > /i^/^ 

U[: a;; = < = 0, y[ = ^lv[, \y[\<ii^'\ \v[\<^l-^/''. (B.l) 
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We have to compute the cohomology groups H^{A, T), H^{A, T) and the obstruction 
groups -ff^(A, £), -ff^(A, C) defined in section 6.3. The computation is performed in Cech 
cohomology, as in [ff6lH5|. We wiU work with the foUowing two set cover of the domain A 



T; = {0 < \t'\ < Ti = < \t\ <{ii + e2)V2<|. (B.2) 

A Galois cover of degree d'^ of D'l is given in local coordinates by 

U[ : x'^{t') = 0, y[{t') = tit<, u[{t') = 0, v[{t') = t< 

Ui: xi{t) = 0, y^{t)=^/t<, wi(t) = 0, vi{t)=t<. (B.3) 



Proceeding as in we construct the Cech complex 

o-^rA(T;) © rA(Ti)^rA(T; n Ti)-^o (b.4) 

where the generic sections in 7a (T'^^), '7a(Ti) can be written as 

(oo \ /oo \ /oo \ /oo \ 

n=0 ) \ n=0 / \n=0 / \n=0 / ^ 

Note that we sum over n > for sections in Ta{Ti)- In order to have a uniform notation, 
we can extend these sums to ti G 2, with the convention that a'^, . . . ,S'^ are zero for 
n < 0. The boundary conditions at \t\ = /U^/^'^i yield the following relations between the 
coefficients 



an = fi "h-n, /3n = /U "'^ S-n. (B.6) 

Now we have to compute the kernel and cokernel of k. Using the linear transformations 

dxi = dx'^, dy^ = dy[, = v[d^'^, dy^ = -u[v[du'^ - v'^^d^'^ (B.7) 
and taking into account the local equations ( [B.l| ), we find that k is given by 



\riez / V nez / 

\nez / \nez / 



(B.8) 
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Therefore, in order to find the kernel of k we have to solve the following system of equations 



- «-n = 0, (3'^- (3-n = 0, 7^ - '^-n+d^ =0, S'^ + S_^+2d[ = 0. (B.9) 



Since ct^, . . . , 5^ = for n < 0, we obtain 



= 0, n > 0, = 0, n > 0, 7^ = 0, n > d[, 6^ = 0, n> 2d[. (B.IO) 
Moreover, combining ( [B.6[) and (|B.10|) , we find the following relations 



a„ = 0, n < -d[, /3n = 0, n < -2d[, 7^ = 0, n < 0, 5„ = 0, n < 0. (B.ll) 

Therefore Ker(«:) = H^{A,T) is the 2{3d[ + 2) -dimensional real vector space spanned by 
sections of the form 

\n=-d; / \ n=-2d[ J \n=0 J \n=0 J 

(B.12) 

with the coefficients . . . , subject to the boundary conditions ( [B.6| ). Next, we com- 
pute the cokernel of k. This is generated by local sections with coefficients a^, ■ ■ ■ ,dn for 
which the following equations have no solutions 

«n - «-n = On, /^^ " l3-n = K: 7n " 1-n+d[ = Cn: 5'^ + 5_^+2d[ = dn- (B.13) 

Taking into account ( p.6| ) and the constraints a^, . . . , 7^ = 0, it is straightforward to check 
that these equations admit nontrivial solutions for any values of a^, . . . , (i^. Therefore, 
Coker(K) = H'^{A,Ta) is trivial. 

In conclusion, as shown in section 6.3, the space of infinitesimal deformations of 
the multicover ( [B.3D is isomorphic to iJ*^(A,T). Although this is a priori only a real 
vector space, it should carry a complex structure reflecting the choice of an orienta- 
tion on the moduli space of open string maps. This is a very subtle issue since we 
do not have a rigorous construction of the moduli space and the virtual fundamental 
class. Here we will simply choose the complex structure defined by the isomorphism 
if°(A,r) — ^C^'^'i+\ si — >{am,(3n), m = l,...,d[, n = l,...,2d[. With this choice, 
H^{A,Ta) is S'^-isomorphic to 

e(-A, + ^A3)©e(-A3 + ^A3). (B.14) 

n=0 ^ 1 ^ n=0 ^ 1 ^ 
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One could in principle make other choices by choosing different isomoprhisms to C'^'^^"'"^, 
for example si — ^(7m5 Sn)^ m = 1, . . . ,d'i, n = 1, . . . , 2d'i. This would change the repre- 
sentations in ( |B.14| ) by complex conjugation, and it would reflect in a different sign of the 
multicover contribution to the instanton sum. 

Now we turn to the computation of H^{A, Ca)- We construct the Cech complex 

O^CA{r[) © £a(Ti)^£a(T; n Ti)^0. (B.15) 

The generic sections of C over T'j^ and Ti have the form 



Si 



, Imax 



\n=0 



(B.16) 



where A'"^"^ = A dy'^ A A and A"^"^ = A dy^ A du^ A dy^ . Using we flnd 
that n is given by 

'^(5'i,5i)= (E(^n-^-+3<K")A'— , (B.17) 
\ne2 / 

where it is understood that = for n < 0. Then, after using the boundary condition 

e„ — e_„ we flnd that the kernel of n is generated by sections of the form 

/ 3d; \ 

5i = eo + 5Z(ent" + e„t-") A"^"^ (B.18) 



n=l 



This is a &d'i -f 1 real vector space which splits naturally in a direct sum of the form 
IR©IR 1. The flrst summand is generated by sections of the form eoA'""^, and the second 
summand is deflned by sections si with eo = 0. One can deflne a complex structure on 
the subspace eo = by an isomorphism IR^'^^ — ^C'^'^^, si — ^(cn), n = l,...,3d'i. Then 
H^{A, Ca) is S'^-isomorphic to 

Analogous considerations show that the cokernel of k is empty in this case, therefore 
H\A,Ca) = 0. 
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B.2. Multicovers of D'^ 

Since D[, D'^ are complementary discs in C[^, D'^ is covered by the coordinate patches 
Ui = {Z2 ^ 0, Z4 ^ 0, ^ 0}, U3 = {Z2 0,Zs 0,W 0}. The local coordinates in 
the second patch are 

7/ -^1 -^4 UZ2Z3 VZ2ZS m o^^ 

Us: X3 = -, ^3 = ^, «3 = -^, ^3 = -^ (B.20) 

and D3 is given by 

Wi : a;i=tti = 0, yiVi = fj,, |yi|>A*^^^ |^^i|<At^/^ 

W3 : a;3 = «3 = 0, V3 = fi, ly^] < //-V2. (B.21) 

We choose an open cover of the domain of the form 

Ti = < \t\ < + £2)1/24}, T3 = {0 < \t'\ < (B.22) 

A Galois cover of degree d'^ of D'^ is given in local coordinates by 

Ui : xi{t) = 0, yi{t) = t^, ui{t) = 0, vi = fit-'^'^ 

Us: X3(t')-0, 2/3(t') = t'4, W3(t') = 0, ^;3(t') = /^- (B.23) 

The Cech complex for T is 

o^rA(Ti) ® rA(T3)^rA(Ti n T3)^o (b.24) 

with generic sections in 7a(Ti), 7a(T3) given by 

«i = ( E ) + ( E /^"^ j ^2/1 + ( E ) + ( E ) 

(00 \ /oo \ /oo \ / 00 \ 

5^ + E /^n^'" p.3 + E + U E ^n^''^ • 

n=0 / \n=0 / \n=0 / \ n=0 / 

(B.25) 

Note that we sum over n > for sections in 7a (T3). In order to have a uniform notation, 
we can extend these sums to n e 2, with the convention that a^, . . . , are zero for n < 0. 
Using the linear transformations 

= 5x3, ^vi = -yl^ys +2/3^^35^3, = ys^dus, dy^ = ys^dy^ (B.26) 
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and proceeding as in the previous case, we obtain the foUowing form for the Cech differential 
\ne:E / \ new. / 

(B.27) 

Again, in order to determine H^{A,Ta), we have to compute the kernel of k, which is 
determined by the following system of equations 



a„ = a. 



n+2d'^i 



in = 1-n-d' , 5'^= P- 



+ 5- 



[B.28) 



But cu^, . . . , (5^ = for n < 0, and we obtain that 



a„ = 0, n > 0, /3n = 0, n > 24, 7n = 0, n> -d'^, P-n+d'^ + 5-^-^ =0, n < 0. 

(B.29) 

We will also need to employ boundary conditions at \t\ = ^^/^'^a which yield the following 
relations 

-JL. ''3"" _ 

a^ = ^i ''3 7_„, /3^ = ij '^'s 5.^. (B.30) 
Using (|B:29| ) and ( |O0| ), we obtain 



Q!^ = 0, n < 4, /3„ = 0, 71 < 0, 7„ = 0, 71 < 0, 5„ = 0, 7i < -2d'^ or n > (B.31) 



Pd'^ + l = Pd'^-l: ^-d's + l = ^-d'^-1- 



(B.32) 



Taking into account all constraints, we find that the kernel of k is generated by sections 
of the form 



Sl 



4-1 



n=0 





n=-d^+l 



(B.33) 

with the coefficients (5„ subject to the boundary conditions ( [B.3UD . Choosing ((5^), 7i = 
—4, . . . , to be holomorphic coordinates, the S'^-equivariant decomposition of -ff°(A, 7a) 
reads 



e (-A3 + ^A,) . 

n=0 ^ 3 / 



(B.34) 
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Next, proceeding as in the previous case, we find that the cokernel of k is generated 
by sections of the form 



'4-1 



s 



1= 5^«nr + J2 7nt" 9.,, (B.35) 



n=l / \n= — dg + l 



with the coefficients ct^, subject to the boundary conditions (p.30|) . If we choose 7„, n = 
—d'^ + 1, . . . , —1, to be holomorphic coordinates, H^{A, 7a) is 5" ^-isomorphic to 

n=l ^ ^ / 

FinaUy, we are left with H^{A, Ca)- In this case the Cech complex reads 

0— ^£a(Ti) © /:a(T3)-^£a(Ti n T3)^0. (B.37) 
The generic sections of C over Ti and T3 have the form 



J2 ent" ) Ar""" 



(B.38) 



^n=0 



where A^^"^ = d^^ A dy^ A du, A and A^"^ = A A d^., A a^g. Using ( [g:26| ) we 
find that k is given by 



(B.39) 



where it is understood that = for n < 0. Then, also using the boundary condition 
e„ = e-n, it follows that the kernel of k is generated by sections of the form 

si = eoAT"''. (B.40) 

Therefore, H^{A, £a) is 5'^-isomorphic to (O)j^. A similar analysis shows that H^{A, Ca) 
is trivial. 

To conclude this section, note that horizontal discs such as D'^ are embedded in the 
smooth component Yi of Y, and have no common points with the singular divisor. This 
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is already clear from the local analysis in section five. Then one can compute the same 



multicover contributions by taking open string maps to Yi as in [|T^ instead of Z. If the 



formalism proposed here is robust, this point of view should give the same results as above. 



Since this computation has been performed in detail in [jT^, let us just record the results. 
With suitable choices of complex structures, we have 



if°(A, T)y ^ (0)r © (-A3 + ^A3) 

^ — 1 \ 3 / 



(B.41) 



Note that in this case there is no obstruction bundle since -D3 is a rigid disc on F 1 supported 
away from the canonical class. Therefore the expected dimension of the moduli space is zero 
3^ . The formulae (|B.41| ) are very similar to (p.34|) , ([B.36|) except for a small discrepancy 



in the fixed parts of the deformation spaces H^{A,T), i7*^(A, T)^. For maps to Z, one 
finds that the fixed part is {0)(^ corresponding to the term n = ^3 in ( p.34| ) , while for maps 
to Y the fixed part is (0)]r. This discrepancy is accounted for by the fixed part of the 
obstruction space, as explained in section 6.3. The final result is that the two contributions 
agree, as expected. 



Appendix C. Chern-Simons Expectation Values 



The Chern-Simons expansion performed in section seven involves products of holon- 
omy variables in U{N) representations of the form Ri.Rj^ where Ri, Rj are defined by 
Young tableaux. Such expressions can usually be avoided in the context of large dual- 



ity literature p8| , ^^ , |5^ , pl| by analytic continuation. This is no longer true in compact 
examples, hence we have to evaluate such knot and link invariants by direct methods. We 
only need to consider two cases. 

i) Consider unknot invariants of the form 



(C.l) 



where p denotes the framing. Proceeding by analogy with [38, 40,47,52, 54|, we write 



(C.2) 
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where 

Ri®R2 = ®pp (C.3) 

is the irreducible decomposition of the product representation. Each term in the right 
hand side of ( |C.2| ) can then be evaluated according to the rules explained in |^ 



where x = e and Cp is the second Casimir of p. Therefore the computation reduces to 
some standard representation theory and expectation values of the unknot in the canonical 
framing. Given a SU{N) representation R defined by a Young tableau H, R is isomorphic 
to the SU{N) representation defined by the complementary Young tableau H. Two Young 
tableaux 11, 11 are called complementary if by adjoining the {N — k)-th row of 11 to the k-th 
row of n we obtain a square tableau with N x N boxes. Then, for two SU{N) represen- 
tations i?i,i?2, one can compute the irreducible decomposition ( |C.3| ) using the standard 
rules for Young tableaux. The irreducible decomposition for U{N) representations can 
be obtained by tensoring the SU{N) decomposition by appropriate U{1) representations. 
Using these rules we find the following relations 



(C.5) 



□ ® □ = Is 




m ® n = □ 




g ® □ = □ a 


)^3, 



where Ai, A2, A3 are irreducible representations of U{N) given by 



Ai= : ®(-v^), A2= : ® (-v^), A3 = : ®(-ViV). (C.6) 
□ □ □ 

The number of boxes in the first column of each tableau in ( |C6| ) is — 1 and (w) denotes 
a one dimensional U{1) representation of charge w. A routine computation shows that the 
dimensions and the quadratic Casimir operators of Ai, A2, As are 

dim(Ai) = iV2 - 1, dim(A2) = ^(^-^^(^+^\ dim(A3) = ^(^+^^(^-^\ 
C2{Ai)=2N, C2iA2) = 3N + 2, (^2(^3) = 3Ar - 2. (C.7) 

Furthermore, we have the following relations 

a® Ai = a® A2® A3, □ (g) Ai = □ © A2 © A3. (C.8) 
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The unknot expectation values in canonical framing can be computed using the rules 
explained in p7| . |5^ . The U{1) factor decouples, hence U{N) expectation values are the 
same as SU{N) expectation values. The later are of the form {TruV) = TthUq, where Uq 
is a fixed group element. Using this property, one can easily show that 

{TvA^V), = {Tr^V)^ {{Tr^V)^ - 1), (C.9) 

Using (|C.4| ) and ( |C.9| ) and using the normalization explained in section five, we find 
'Tr^VTr-v) = y-' + {Tr^V)l-l, 



Tr^VTr-V) = (Tr—VTr^V) = y-^ {Tr^V), + x^^ {Tr^V), {{Tr^V), - 1), 

(C.IO) 

ii) We also encounter expectation values of the form 

{TrR,VTrR,U)+l^^ (C.ll) 

for a Hopf link with linking number +1 and framings (^1,^2)- This computation can be 
reduced to a Hopf link with / = — 1 and canonical framing on both components as follows 

{Trn^VTrn^U)2p, = {Tr n^VTr n^U)-^, {x ^ x"!). (C.12) 



The correctly normalized link invariant in the context of geometric transitions 1 38 - 4^] reads 

"° /o,o 



TraVTr-u) ^ = x^^^°^+^^^°^ V x'^^^^Mim^p. (C.13) 



Dropping again the trivial framing factors, we finally obtain 



(^IVFTr-t/^ = i^r-VTxuU) = y-' + (TraF)^ - 1, 
IVml/Tr-y) = h^—V^uV) = (TrV)^ + x^^ {TrV)^ {{Tt^V)^ - 1), 



Trgl/Tr-1/^ = {Tr-VTYaVJ = y'^x'^^P'^^ (Tr^)o + ^^"^^ (Tr^)o {{^U^)^ ~ ^ 
TrFTr-l/Trt/^ = (TrVTr-VTr-U^ = 2y-^ (Try)^ + x^ {TrV)^ ((Trm"l^)o - 1) 



+ x-2((Trgy) -1). 



(C.14) 
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